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Resumen

En el trabajo previo realizado en [1], los autores presentan una formalizacién del Célculo
Lambda en la Teorfa Constructiva de Tipos [2] —més especificamente, en Agda [3]— en
forma de biblioteca o framework. Los términos lambda son representados mediante una
sintaxis de primer orden con una sola clase de nombres tanto para las variables libres como
para las ligadas y usando sustituciones multiples [4] como operacién fundamental. En el
mismo articulo, se presentan varios resultados metateéricos clésicos, como el teorema de
Church-Rosser y la preservacién de tipos (simples) bajo la relacién de computacion beta
(Subject Reduction). Maés tarde en [5], los autores logran formalizar completamente el

teorema de estandarizacion usando dicha libreria.

En [1, 5] el principal objetivo fue determinar hasta qué punto es posible construir
una base de conocimiento de resultados metatedricos para el Calculo Lambda usando la
representaciéon mencionada al comienzo y con principios de induccién simples. Hasta el
momento los resultados han sido satisfactorios. Continuando esta misma linea es que
ahora nos proponemos formalizar el teorema de normalizacién para el Calculo Lambda
con Tipos Simples en sus dos versiones: débil y fuerte. Dicho teorema tiene una prueba
que creemos es mas compleja que las vistas en los trabajos previos ya que utiliza algunas
técnicas no desarrolladas en ellos, como induccién completa y definiciones mutuas, entre

otras.

El teorema de normalizacién débil es ya un resultado bien conocido en la literatura y
establece que todo término bien tipado bajo el sistema de asignacién de sipos simples tiene
forma normal, alcanzable por alguno de los caminos de evaluacion posibles. Més aun se
tiene el teorema de normalizacion —adecuadamente llamado— fuerte que afirma que sin

importar el camino elegido, el programa siempre alcanzara una forma normal.

Si bien actualmente existe una vasta cantidad de formalizaciones de pruebas para

ambos teoremas —algunas de las cuales seran discutidas en el Capitulo 1— segtin nuestro



conocimiento no existe una formalizaciéon completa segiin nuestra presentacion del Calculo
Lambda —i.e. usando sintaxis de primer orden y con una sola clase de nombres. Esto
es aun de mayor motivacién para nuestro presente trabajo. En cuanto a la prueba a
formalizar elegimos la de Joachimki y Matthes [6] ya que es compacta y facil de entender.
Dicha prueba depende de un lema que procede mediante una induccién completa en un
orden lexicografico que serd explicado en detalle més adelante en este texto. En esta
ocasion no haremos uso de la técnica de Relaciones Légicas, aunque es un buen candidato

para futuros trabajos.

Parte de este trabajo fue presentado en la conferencia LSFA20 [7] y posteriormente

publicado en su acta (o proceedings, en inglés) [8].

Todas las definiciones y pruebas que aparecen en esta tesis han sido
verificadas con el sistema Agda y dicho c¢édigo puede ser encontrado en:

https://github.com/surciuoli/lambda-metatheory.

Palabras clave: Calculo Lambda, Metateoria Formal, Normalizacién Débil, Normal-

izacién Fuerte, Teoria Constructiva de Tipos, Agda.
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Abstract

In previous work done in [1], the authors presented a formalization of the Lambda Calculus
in the Constructive Type Theory [2] —more specifically, in Agda [3]— as a reusable library
or framework. Lambda terms are represented using a first-order syntax with only one
sort of names for both bound and free variables, and using multiples substitutions [4]
as fundamental operation. In the same article, various meta-theoretical classic results
are shown, e.g. the Church-Rosser Theorem and Subject Reduction with Simple Types.
Later in [5], the authors are able to fully formalize the Standarization Theorem using the

referred library.

In [1, 5], the primary objective was to test the extent on which it is possible to build
a corpus of fully formalized meta-theoretical results of the Lambda Calculus using the
presentation early mentioned and resorting only to basic induction principles. So far, the
outcome is rather satisfactory. Continuing this line of development is that we tackle the
normalization problem for the Lambda Calculus with Simple Types. The Weak Normal-
ization Theorem is a well-known result for the Lambda Calculus and it states that every
simply typable term has a normal form. Furthermore, the Strong Normalization Theorem
states that, not only has a normal form but every reduction strategy will eventually end

in one.

There exists a vast variety of formalizations of the proof for both the weak and strong
versions —some of which will be discussed in Chapter 1—, but to the best to our knowledge
there is not yet a full formalization using our presentation of the calculus mentioned at
the very beginning, i.e. using first-order syntax with one sort of names. This is even a
more challenging aspect to our present work. As to the proof to formalize, we have chosen
the one by Joachimski and Matthes given in [6] as it is very slick and short. Said proof
proceeds by complete induction on a lexicographic order which will be later explained in

detail. In this occasion we are not going to use the method of Logical Relations, though



is a good candidate for future work.

Part of this work was submitted and presented at the international conference LSFA20

[7] and later published in its proceedings [8].

All definitions and proofs shown in this text have been completely machine-
checked wusing the Agda system and its source code can be located at:

https://github.com/surciuoli/lambda-metatheory.

Keywords: Lambda Calculus, Formal Metatheory, Weak Normalization, Strong Normal-

ization, Constructive Type Theory, Agda.
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Chapter 1

Introduction

In [1], E. Copello et al. presented a framework which formalizes Lambda Calculus in Con-
structive Type Theory using first-order syntax with only one sort of names for both bound
and free variables and relying on A. Stoughton’s [4] multiple substitution as fundamen-
tal operation. In addition, a couple of well-known meta-theoretical results were verified:
the Church-Rosser Theorem and the Subject Reduction Theorem for the Simply-Typed
Lambda Calculus. Later, in [5] the library was used to check a proof of the Standarisation

Theorem.

It was then the aim of the authors to investigate whether this specific approach was
in any way amenable to full formalization. The approach goes back to the studies of the
calculus by Curry and Feys [9] where (unary) substitution was given a well-known defi-
nition as a non-structural recursive function whose justification that it is a total function
remains implicit and relies on the fact that renaming does not affect the size of a term.
The formalization of the operation defined in this way is quite complex and it is not very
practical, since every time the function is used the size of the term should be known in
advance. A possible alternative would be to index (the definition of) the terms with a size

ordinal or to use a function which computes it.

On the other hand, the use of simultaneous multiple substitution as explained in [4, 1],
makes it possible to avoid recursion on the size of terms since, when substitution is applied
to an abstraction, the bound name is changed to an appropriate one and the corresponding
renaming is recorded into an enlarged, multiple substitution that goes on to operate on the
body of the abstraction. Hence the effect of substitution can be given a simple definition
by structural recursion on the terms, and this fact makes it plausible that the meta-theory

of the calculus can be pursued using also simple forms of induction. The fact that bound
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names are always changed permits to avoid case analyses too.

In the present work we continue this line of development with the hope of reaching
a comprehensive corpus of fully verified meta-theoretical results of the Lambda Calculus.
Is then necessary to test the extent to which [1] enables the task —by just using basic
induction principles. Hence, we now decided to tackle the Weak and Strong Normalization
theorems, which are considered a little more complex than previous theorems —as them

implies using mutually defined sets and lemmas, course of values induction, etc.

The Strong Normalization Theorem for the Simply-Typed Lambda Calculus (STLC)
states that for any (simply) typable term every reduction path starting from it must end.
There are several proofs using different techniques, arguably the best known being the
one presented by W. Tait in [10] and later adapted by J. Girard in [11]. In the latter, an
abstract notion called reducibility candidate is introduced which is later refined into what
now we call Logical Predicates or Logical Relations (LR) [12, p. 2]. This general proof

method is mostly used to prove properties about programming languages.

As to the proof of choice, we use the one given by F. Joachimski and R. Matthes
in [6] which we believe is very smart and short. It is done by induction on a syntax-
directed characterization of the set of strongly normalizing terms —originally presented by
F. van Rammsdonk and P. Severi in [13]— which makes it an optimal candidate for being
formalized in Constructive Type Theory. This characterization must be accompanied by
a proof of its soundness with respect to a more natural definition —e.g. the traditional
one given by T. Altenkirch in [14]— since it might not be very easy to see it really defines
the desired set. Such soundness proof can be found in the same article; however we shall
use the one given in [15] as it is described in more detail to how to implement it. Another
candidate of similar complexity and interest would be the one by René David presented

in [16], which is a derivation of the one we have chosen.

The whole development has been formalized in Constructive Type Theory and
machine-checked in the system Agda [3]. The corresponding code is available at

https://github.com/surciuoli/lambda-metatheory.

State of the Art

As previously said, there is currently a wide variety of formalization of proofs of the Strong

Normalization Theorem for the STLC written in various programming languages and using
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different proof techniques. We now wish to comment some of the contributions found by

the time this text was written:

o In [17], K. Donnelly and H. Xi give a formalization based on Tait’s method. It
is written entirely in ATS/LF [18] which is a logical framework with support for
Higher-Order Abstract Syntax (HOAS) [19] so no names are used —needless to say,

neither substitution nor alpha-conversion are considered;

o In [20], A. Abel also presents a formalization founded on Tait’s method but for the
Weak Normalization Theorem. Moreover, it is also written in a logical framework
with support for HOAS: Twelf [21]. In the article, the author clarifies that, due to the
limitations of the language, the proof cannot be stated for the Strong Normalization
Theorem. However, he gives a glance on how it can be achieved in a language that

would allow it.

e In [14] a formalization is given by T. Altenkirch for the System F —which is
an extension of the Lambda Calculus with polymorphic types— written in the
LEGO [22] language still based on Tait/Girard’s reducibility candidates. For the

terms, de Bruijn [23] encoding is used, hence alpha-conversion is not an issue.

o In [24], U. Berger et al. give a formalization written in three different languages: Min-
log [25], Coq [26] and Isabelle/HOL [27]. Again, all of three follow Tait’s method. As
to the calculus presentation, they use de Bruijn indexes in all three implementations,
except for Minlog, where they also give an alternative proof where terms are named.
Nevertheless, they somehow are able to left undefined the substitution for the critical
case, i.e. abstractions, so the variable capture issue is eluded —therefore, yet not for-

malized. Besides, the proof “starts from a large number of unproven axioms” [20, p. 122]

o In [28], A. Koprowski gives a formalization of the calculus using the locally nameless
representation of terms with a proof of the Strong Normalization Theorem written

entirely in Coq.

o Last but not least, we would like to mention the POPLMark Challenge Reloaded [15]
(A. Abel et al). In this paper, a benchmark is carried out to test and compare different
implementations of the theorem using LR. The proof is written in three languages:
Beluga [29], Coq and Agda. However, none of them deals with the variable-capture

issue nor alpha-conversion; in the first one —Beluga— since it is a HOAS system, no
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(variables) names is taker under consideration, and in the last two implementations

—in Coq and Agda— terms are presented using de Bruijn’s encoding.

So to the best to our knowledge, there is not yet formal verification of the Strong
Normalization Theorem for our approach of the Lambda Calculus as introduced at the
very beginning of this section —using first-order syntax with (only) one sort of names and

using multiple substitution.

Structure of this Thesis

e In Chapter 2, we shall introduce the framework of the Lambda Calculus presented
in [1]. For this purpose, we first show some fundamental notions: the syntax of terms,
substitutions, alpha-conversion, beta-reduction, etc. Then, in Sections 2.8 and 2.9 we
propose new definitions we will need later, namely unary substitutions and neutral

terms.

¢ In Chapter 3 we formalize the Weak Normalization Theorem as a previous step towards
the Strong Normalization Theorem. As said earlier, we follow the proof presented
in [6]; first we give a syntactic characterization of the set of terms that are weakly
normalizing and then prove, by induction on the typing judgement, that all typable

terms are in the former set, for which we will need a lemma for the case of applications.

e In Chapter 4 we formalize the Strong Normalization Theorem also following the
proof in [6]. Hence, the general structure is the same as the previous section: first
we introduce a syntactic characterization of the set of strongly normalizing terms
—originally given in [13]— and then we proceed to the proof, also carried out by
induction on the typing judgments. Both the definition and the proof itself can be
extended straightforwardly from its counterpart —the weak version— and no line of
code is needed to be modified, except for some of the names of the predicates. In
a system with datatype extension this would not be even necessary. However, as
commented in the beginning of this section, this version of the characterization is
not very obviously correct, so we must also prove it is sound with respect to a more
intuitive or traditional one; for this purpose we follow the proof given in [15] —with
some minor changes in order to adapt it to our presentation of the Lambda Calculus,

e.g. considering alpha-conversion, among some other thoughts.
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e In Chapter 5 we present some overall conclusions; we assess drawbacks and benefits of
our approach; report costs in terms of duration over time and lines of code; propose
a new formalization using a different techniques and also some improvements of the

actual code; etc.

o Finally, the complete Agda code can be located at the Appendix A.
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Chapter 2

Preliminaries

In this chapter we first introduce some of the definitions and lemmas in the framework
of the lambda calculus presented in [1]: syntax, substitutions, alpha-conversion, beta-
reduction, types, etc. Finally, from Section 2.6 up to the end of the chapter, we present

some new lemmas and definitions.

2.1 Syntax

We start with a denumerable type V of names, also to be called variables; i.e. for con-
creteness we can put V = N or V = String. Letters z,y, z with primes or sub-indices shall

stand for variables. Next, we define terms in A:

Definition 2.1 (Terms in A). Terms are defined inductively using the following grammar:

M,N ==z | MN | Az.M.

From now on, capital letters M, N, P, Q... will range over lambda terms. In the
concrete syntax we assume the usual convention according to which application binds

tighter than abstraction.

Next, we introduce freshness and freedom relations:

Definition 2.2. That a variable x is free in M is written x * M and its opposite is written

x#M and to be pronounced x fresh in M. Both relations are defined as follows:

16



xx M z*x N xx M
T*X xx MN xx MN T * Ay.M (z#y)

xHM TH#N THM
vty T7Y) tH#MN s Ny M a#rz M

2.2 Substitutions

Substitution is the fundamental operation of the calculus, as it arises from the process of

computation. Besides it is used to define alpha-conversion.

We work with multiple (simultaneous) substitutions, i.e. mappings associating a term

to every variable. We use X to denote the corresponding type:

Definition 2.3 (Substitutions). ¥ =V — A.

Actually, the substitutions we must handle are identity almost everywhere, and so we
can generate them by starting up from the empty substitution ¢, which maps each variable

to itself as a term, and applying the following operation:

Definition 2.4. The update operation on substitutions is defined by:

(o,M/x) x =M
(o, M/x) y =0y, if x #y.

That is, given a substitution o, a name x and a term M, (o, M/x) is the substitution

which maps z to M and (simultaneously) every other variable y to oy.

Whenever needed, we will write [N/x], [N/x, M/y...] and (o, N/x...) as syntax sugar
for (¢, N/z), (((¢,N/z),M/y)...) and ((o,N/x)...), respectively.

Restrictions

Often, we would like to restrict the effect of a substitution to only the free variables of a

given term. Therefore, we shall introduce the following definition:

Definition 2.5. A restriction is a pair 3 x A to be written o | M.
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Then we can extend freshness and freedom to restrictions:
Definition 2.6. z#0 | M = (Vy « M) z#oy.

Definition 2.7. zxo | M = (Jy*x M) = x oy.

That is, a name x is fresh in a restriction o | M if it is fresh in every image through

o of a free variable of M. Freedom in a restriction is just the opposite condition.

Effect of Substitutions

Having defined what a substitution is —mamely a mapping from variables to terms— we

now wish to establish how this mapping is actually effected on terms:

Definition 2.8. Given a term M and a substitution o, the effect of o on M, i.e. applying

o on the (free) variables of M, is just written Mo and defined by simple recursion on M:

(MN)o =MoNo
(M. M)o = Az.(M(o, z/x)) with z = x(o, \x.M). (2.1)

Notice in equation (2.1) how the bound variable z is always replaced with a new one.
The new variable z is obtained by means of a choice function x that computes the first
variable fresh in o | Az.M, so that it does not capture any of the names introduced into

its scope by effect of the substitution. For a more detailed explanation, please refer to [1].

Besides implementing capture-avoidance, the use of multiple substitutions and uniform
renaming of bound variables allows us to employ simple structural induction, avoiding case
analyses when reasoning with substitutions. The main drawback is one attributable to
the general approach chosen, i.e. we have to explicitly consider alpha-conversion in many

of the proofs —mostly, where substitutions are mentioned.

The following properties about substitutions are proven in [1]:

Lemma 2.9. 1. x(o, M)# (o, M) ; 2. x(¢, M)#M , and 3. M(0,No/x) = M[N/z]o.

We shall name Lemma 2.9.1 the Chi Lemma.

Next, we can consider an equality on restrictions as follows:

18



Definition 2.10. ¢ | M = ¢’ | M’ if and only if M and M’ share the same free variables
and (Vo * M) oz = o'x.

Then, 0 = ¢’ | M will be sugar for o | M = ¢’ | M and the following results are

immediate:

Lemma 2.11. .0 =0¢' | M = Mo =Moo', and 2. z#M = o= (o,N/x) | M.

2.3 Alpha-conversion

We shall now define the binary relation of alpha-conversion. We say two terms M and N
are alpha-convertible and write it M ~, N if and only if they differ in nothing else but

the choice of the bound names. We define it on top of substitution as follows:

Definition 2.12. Alpha-conversion is the binary relation ~, defined by:

~vi—— ~apps Ma ML N~ N M[z/z] ~a N[z/y]
AR MN ~, M'N’ T e M~y Ay N

where in the last rule z# A xz. M, \y.N.

The only rule worth to comment on is the last one: two functional terms are alpha-
convertible if replacing the arguments in the bodies with the same fresh name yields
alpha-convertible terms. Clearly, this reflects the idea that the bound names should not

matter —speaking in a “functional” sense, of course.

We can then extend ~, to restrictions —of substitutions— as well:

Definition 2.13. 0 ~, 0’/ | M = (Vx * M) ox ~q o'x.

Now, the following lemmas —proven in [1]— hold:

Lemma 2.14.

1. t~gt | M

2. 0r~q0" | M NN~y P = (6,N/x)~q (¢/,P/x) | M
3. ~q 18 an equivalence relation

4. y#o | o.M = M(o,y/x)[N/y] ~o M(o,N/z)
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y# o.M = Az.M ~qo \y.(M[y/z])

M~y N = .M~y \x.N

y#o | Ae.M = (Ax.M)o ~q Ay.(M(o,y/x))
s#M N M~y N = z#N

M~y M AN o~yo | M = Mo~y Mo
100 M ~, N = Mo = No

11. M ~y M.

© 0N o

We shall call Lemma 2.14.6 Closure of Alpha-conversion under Lambda; Lemma 2.14.8
Closure of Freshness under Alpha-conversion; Lemma 2.14.4 Composition of Substitutions,

and Lemma 2.14.5 Renaming of Abstraction.

Lemma 2.14.10 is worthy of being mentioned. It is a consequence of the definition
of substitution; if we have two alpha-convertible abstractions with different bound names
Az.M and Ay.N, then if we apply the same substitution on both sides the result is that
both x and y are renamed the same, i.e, x(o, Ax.M) = x(o, Ay.N) —since the abstractions

must share the same free variables. We shall call this property: Equalization.

From these, some useful corollaries —which are not included in [1]— are immediate:

Corollary 2.15.

1. z#0 | Ay M = M(o,z/y)[No/z] ~o M[N/ylo

2. A.M)N ~4 (A\y.M')N' = M|[N/z] ~o M'[N'/y]
3. \e.M ~o A\y.N = Mly/z] ~q N.

Lemma, 2.15.3 shall be named Alpha-inversion.

2.4 Beta-reduction

We say a redex is a term of the form (Axz.M)N and define the beta-contraction relation

on terms as:

08

(Ax.M)N > M[N/x]

Then we shall say M[N/z] is the contraction of the redex (Az.M)N.

20



Besides, we say a term IV is obtained by performing a step of computation of M and
written M —g N if and only if contracting a redex of M yields N. We can define this

binary relation as follows:

Definition 2.16. Let —3 be defined by augmenting the beta-contraction relation with

the following rules:

M—>5M/ R N—)ﬁN’ \ M—)BM/
a : .
MN —5 M'N PPV NN Sy MNT Y Ae M —p Ae M

appL:

Now, if a term M computes in a term N in multiple steps —zero or more— we shall
write M — N. Then, we can define this relation as the transitive closure of beta-reduction

augmented with alpha-conversion:

Definition 2.17. Let — be defined as:

M~y N M—=sgN  p N NP
M —» N M —» N M —» P

In addition, we can extend — to substitutions as follows:

Definition 2.18. ¢ - ¢/ = (Vz) oz — o'x.

Then, the following hold:

Lemma 2.19.

1. 2#M A M 3N = o#N

2. x40 | M N M —g N = x#0c | N

3. 0 »0 = Mo —» Mo’

4. M - M = MN - MN N NM - NM' AN Ax.M — \x.M'.

We shall name Lemmas 2.19.1 and 2.19.2 Closure of Freshness under Beta-reduction

and Lemma 2.19.4 Closure of Multiple-step Reduction under A-constructors.

2.5 Types

Now we define the category of simple types:
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Definition 2.20 (Types). Let 7 be a category of ground types. Then, the category of
simple types is defined by the following grammar:

a,fu=T1|a—p.

Next, we introduce an ordering between types in order to later perform complete

induction on them:

Definition 2.21. We write o < 8 when the type « is a (structural) component of type

B, and a < 8 when it is a proper component (or sub-expression).

In order to assign types to terms, first we have to introduce the notion of a context.
Contexts are mappings from variables to types and they are usually represented with the
Greek symbols I" and A. Now, we can say a term M types « under a given context I' and

write it I'F M : « if and only if it can be derived using the following rules:

Definition 2.22 (System of Assignment of Simple Types).

Ly zel Lo 'rM:a—pg 'EN:a ) x:akFM:p
v a: TFMN: 3 "“TFxM:a—8

I'kFa:Tx

where x € T" means that z is declared in T', T'z is the (type) image of x and I', z : a is the

context I' updated with x having type «a.
If some derivation exists for a term M we shall say M is typable.

Following are proven in [1]:
Lemma 2.23 (Weakening). 2#M A T'FM:a = T'z:FM:a.

Lemma 2.24 (Subject Reduction). '-M:aa A M - N = T'N:a.

Typed Substitutions

Sometimes we would like to refer only to (restrictions of) substitutions whose effect on
a given typable term M is also typable. Therefore, we introduce the notion of typed

substitutions:
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Definition 2.25. A restriction ¢ | M assigns to the variables in I' terms of appropriate
types under A —all of which is to be written o:I" = A | M— if and only if for all x x M
st. x € T, we have AFox : T'z.

Then, the following hold:

Lemma 2.26.

I.TFM:a0 N 0:T—=A|M = AFMo:«

2. x#o | A yM N o:T—=A|yM = (o,z/y):T,y:a—Ajz:a | M
. x#HM N o:T—=A|M = (o,y/z):T,y:a—Ajz:a| M

4. TFM:a = [M/z]:T,z:a—T|M

From now on —and unless the opposite is stated explicitly— all results presented

constitute new developments.

2.6 Substitution Compatibility Lemma

The lemma of compatibility of substitution with beta-reduction states that, if there exists
a sequence M — N, then Mo — No must follow. That is, we can replace the occurrences
of the free variables in M and N in the same manner and obtain a valid reduction sequence.

This is a fundamental lemma as we shall use it extensively throughout the text.

In [1], a similar lemma for parallel reductions is used to prove the Church-Rosser
Theorem. A parallel reduction is a computation relation on terms which allows to contract
multiple redexes at the same time —hence the name “parallel”. In the same article, a proof
is shown of the reflexive and transitive closure of parallel relation to be equivalent with
our definition of multiple step reduction, therefore having the compatibility mentioned in
the previous paragraph as a corollary. Also, in [5] a compatibility property is shown for

head reductions®.

However, as we shall see later, we also need a simpler lemma for one-step beta-reduction
—which is not in [1]. Nevertheless, since as beta-reduction performs renaming of bound
variables and alpha-conversion is not included in beta-reduction, M —g N does not
necessarily imply Mo — No. To illustrate this, let us have e.g. M = Az.M' and

N = X\z.N’'. First, notice that in the process of reducing M to N in one step some

! A reduction sequence is called head if it is of the form (AzM.No)NiNz--- — M[No/z]N1N= ...
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free variables might have been discarded. Then, if we apply a substitution ¢ on both
sides M and N we get \y.(M(o,y/z)) and \y'.(N(o,y'/z)) with y = x(o, \x.M) and
y' = x(o, A\x.N). Now, since x depends on the free variables of the restriction it follows
y # vy, hence \y.(M(o,y/x)) =5 Ay’ .(N'(0,y'/x) can never be derived. Nonetheless, we
can show that there always exists some P such that Mo —3 P and P ~, No as the

following lemma establishes there:

Lemma 2.27. M -3 N = (3P) Mo -3 P AN P~y No.

Proof. By induction on the derivation of M —5 N.

Case : We have M = (Az.Q)R and N = Q[R/z]. Let P = Q(0,z/x)[Ro/z] with z =
x(o, Az.Q). First, by Chi Lemma (2.9.1) we have z#0 | Ax.Q). Then, on the one hand by
definition of the effect of substitution (Def. 2.8), we get ((Az.Q)R)o = (Az.Q(0, z/x))Ro,
thus by g rule we have (A2.Q(0,2/x))Ro —g P. On the other hand, by Corollary 2.15.1
we have P ~, Q[R/z]o, as desired.

Case appL: Then M = QR, N = Q'R and QR —3 Q'R follows from @ —3 @’. By ind.
hyp. we know there exists some P’ s.t. Qo —g P’ and P’ ~, Q'o. Let P = P'Ro. On the
one hand, using appL rule we then have (QR)o = QoRo —3 P by definition of the effect
of substitution. On the other hand, we can use ~app rule with P’ ~, Q’c together with

Ro ~, Ro —which holds because ~,, is reflexive— and obtain P ~, (Q'R)o, as desired.
Case appR: Analogous to appL.

Case A\: Then M = A\z.Q, N = Az.R and A\z.QQ —3 Az.R follows from @) —3 R. First of
all, let us fix z = x(o, Az.Q)). Then, by ind. hyp. we have that there exists some P’ s.t.
Q(o,z/x) =g P' and P’ ~ R(0,z/x). Let P = Az.P'. On the one hand, by definition of
effect of substitution we have A\z.Q(o,z/x) = (Az.Q)o, thus by A rule of beta-reduction
we have A\z.Q’ —3 Po. On the other hand, first notice that by Chi Lemma we have
z#Ax.Q) | o, thus by closure of freshness under beta-reduction (Lemma 2.19.2) we also
have z#Az.R | 0. Besides, by closure of alpha-conversion under A (Lemma 2.14.6) using
the second induction result we have P ~, Az.(R(0, z/z)). Finally, by Lemma 2.14.7 using

the last freshness assertion we have P ~, (Az.R)o, as desired. t

Now, we can easily extend the previous lemma to multiple steps —and since as alpha-
conversion is included into — we do not need an intermediate term P as in the previous

case:
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Lemma 2.28. M - N = Mo —» No.

Proof. Follows easily by induction on the derivation of M — N and using Lem-
mas 2.27 and 2.14.10. 0

2.7 Commutativity of Alpha and Beta

Beta-reduction and alpha-conversion relations commute, that is, we can exchange them in

the following manner:

Lemma 2.29. M ~, N AN N =3P = (IQ) M —-3Q N Q ~ P.

In other words, if we have a beta-reduction N —3 P and we know M ~, N, then we
should be able to first perform the contraction of the redex on M and therefore obtain
some () such that Q) ~, P.

Proof. By case analysis on N —3 P and induction on M.

Case 8: Then M = (Az.M'")M", N = (A\y.N')N" and P = N'[N"/y]. Let Q = M'[M" /x].
On the one hand, by § rule we have (Az.M')M"” —45 Q. On the other hand, by Corol-
lary 2.15.2 using M ~4 N we get Q ~, N'[N"/y].

Case appL: Then M = M'M", N = N'N” and P = P'N”, and N'N"” —g P'N" follows
from N’ — P’ and M'M" ~, N'N" from M’ ~, N' and M" ~, N”. By ind. hyp. with
M' ~o N" and N —g P’ we get there exists some Q' s.t. M’ —5 Q" and Q' ~o P’. Let
Q = Q'M". On the one hand, by appL rule with M’ —3 Q" we get M'M"” —5 Q. On the
other hand, by ~a applied to Q' ~o P’ and M" ~, N” we obtain Q'M" ~, P'N".

Case appR: Analogous.

Case \: Then M = Ax.M’', N = Ay.N' and P = A\y.P’. Also, \e. M’ ~, \y.N' and
Ay.N" =g Ay.P’ follows from N’ —4 P’. On the one hand, by compatibility of substitution
using N’ —3 P’ we have that there exists some R s.t. N'[z/y] —g R and R ~o Plz/y].
Besides, by alpha inversion (Corollary 2.15.3) with hypothesis Az.M’ ~, Ay.N’ we obtain
M’ ~, N'[z/y]. Hence, by ind. hyp. on M’ ~, N'[z/y] and N'[z/y] —3 R we have that
there exists a Q' s.t. M’ —5 @ and Q' ~, R. Let @ = Az.QQ’. Then, by A rule with
M' —5 Q' we obtain Ax.M' —3 @, as the first desired thesis. Now, on the other hand, first
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notice that by transitivity of alpha using Q" ~, R and R ~,, P[z/y] we get Q" ~, P[z/y],
thus by closure of alpha under A with z we obtain @ ~, Az.(P[z/y]). Secondly, by
definition of freshness we know x#\z.M’, thus by preservation of freshness under alpha
using Ax. M’ ~o Ay.N' we have x# A\y.N’, hence by preservation under beta with A\y.N" — g
A\y.P" we get x#My.P’. Then, by renaming of bound variable (Lemma 2.14.5) we have
Ay.P" ~y Ax.(P[z/y]), so by symmetry we obtain A\x.(P[z/y]) ~ Ay.P’. Finally, again
by transitivity using @ ~, A\x.(Plz/y]) and \x.(P[z/y]) ~o A\y.P" we derive Q ~, \y.P’,

as the second desired thesis. O

We can easily extend this result to reductions of multiple steps as follows:

Lemma 2.30. M ~, N AN N—»P = (3Q) M - Q N Q ~, P.

Proof. Immediate by induction on the derivation of N — P using previous lemma. O

2.8 Unary Substitutions

It turns out convenient to introduce substitutions that arise in the process of contracting
redexes (Ax.M)N —3 M[N/z]. The result is the (unary) substitution [N/z]. However,
when computing the effect of the substitution, every time an abstraction is crossed the

substitution is updated with a renaming, thus leading to something of the form:
(Ax1.Ax2 ... Axy M)[N/y] = Az1. 22 .. . Azn. M [Ny, z1 /21, 20 /%2 . . . 20/ T
with z; = X()\xi.)\xi+1 cee, [N/y, zl/xl - zi_l/wi_l]).

As it can be seen, the final substitution is still unary in the sense that, the “real” —or
original if we want— effect of the substitution is the replacement of y to IV, whereas the
renamings are merely a consequence of how substitution is defined. Thus, we can capture

this concept of unary substitutions as follows:

Definition 2.31. A substitution ¢ is unary of variable z and term M —written as

Unary 0 © M— if and only if o = M and, for all y # z, then oy is a variable.

Then, the following lemmas hold immediately by definition:

Lemma 2.32.

26



1. Unary [M /x| z M

2. Unaryocx M = Unary(o,N/z)x N

3. y#x AN Unarycx M = Unary(o,z/y)x M
4. Unaryozy = Unary (o, M/z)z M.

2.9 Neutral Terms

Neutral terms are iterated applications having a variable as “head”:

Definition 2.33 (Neutral terms).

ne, M
ne, ne, MN.

In the definition, ne . M is to be pronounced: M is neutral of head x.

The following property holds for neutral terms —which we will exploit further to

perform complete induction on types:

Lemma 2.34. ne, M AN T'FM:a AN TkFz:8 = a=<4.

Proof. By induction on the derivation of ne, M.

Case M = z: ThenT'Fz:aand 'k x: 8. It follows immediately o = 3. Case M = M’'N.
Then ne, M’ and T'"F M'N : « follows from ' M':v — o« and '~ N :v. By ind. hyp.
using ne, M’ and ' M':~v — o we have either ¥ = a = B or v — a < B'. As to the
first case, the thesis v < v — « follows immediately since by definition of < we know
v = v — a. As to the second case, again by definition of < we have v < v — «a. Then,
by transitivity of < using v < v — a and v — a < [ we obtain v < 3, which implies
v 2B O

In addition, if we have M is functional of type v — «, then we have v — « < (3, thus

~v < B follows immediately —which is stated in the next corollary:

Corollary 2.35 (Argument Lemma). ne, M A T'FM:v—a A Tkz:f = v=<p.

IThe following property is used: a < 3 if and only if « = 8 or o < 8
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Chapter 3

Weak Normalization

In the previous chapter we presented some basic notions of the Lambda Calculus which

were formalized in [1]. Also, we have mentioned some additional results.

Now in this chapter we introduce the Weak Normalization Theorem. For the purpose,
we shall first define exactly what it is for a term to be weakly normalizing (WN) and after

that, we will proceed to fully formalize the theorem.

Later in the next chapter, we will show how to extend the definition of WN to capture
the set of strongly normalizing terms and further proceed to prove the Strong Normal-
ization Theorem. Then as we shall see, the proof of this last one is the same as the one
in this chapter except for an additional few cases —resulting of the extension mentioned

above.

3.1 Inductive Definition

A term M is said to be weakly normalizing —written WN M— if and only if it has normal
form. Furthermore, if ne, M then we shall say it is neutral weakly normalizing of head x
and write it WNe, M. Following [13, 15], we define both predicates mutually using the

following rules:

Definition 3.1 (WN and WNe).

v app: WNe, M WNN ne: WNe , M ) WN M oxp: M—-N WN N
WNe ., z WNe, M N WN M WN \z. M WN M
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Rule v stats that any variable is weakly normalizing —in fact, it is in neutral normal
form. Rule app says that given a term M neutral weakly normalizing and a term N (just)
weakly normalizing, then M N is also neutral weakly normalizing. Next, rule ne tell us
every term in WNe is also in WN. Then, rule X\ says that, provided a term has normal
form, then enclosing it in an abstraction has also a normal form; the value of the former
with an lambda constructor prefixed. Finally, the last rule known as the “expansion” rule
states that given a normalizing term N which has normal form, then every term M that

computes N must have normal form too.

3.2 The Weak Normalization Theorem

We are ready to state the Weak Normalization Theorem. The theorem says that any
typable term is weakly normalizing. For the proof, we follow the one given in [6] which
is simply driven by induction on the derivation of the typing judgment. However, for the
case of the application a lemma is needed: given two weak normalizing terms M and N
then its application M N must also be weakly normalizing —this is Lemma 3.4 proven

below.

Theorem 3.2 (Weak Normalization). ' M :a = WNM.

Proof. By induction on the derivation of I' v M : «. Case Fv: By definition of WN
(Def. 3.1). Case Fa: I' F M N : « is obtained from ' M : § - aand I' - N : 3. By
ind. hyp. we get WN M and WN N. Then, by Lemma 3.4 2 (ii) we have WN M N. Case
FA: By ind. hyp. and definition of WN. O

Again, the lemma used in the case Fa states that WN is closed under application.
However, as we shall see, we need two additional results. The first one is needed for the
case of the left term being an abstraction. Say we have WN Az.M and WN N: then we
must show WN (Az.M)N. By beta-reduction we know (Az.M)N —g M[N/z]. Now, if we
knew that the right term of the the reduction is WN , then by exp rule we would also know
the redex —the left side— is WN, as desired. For establishing this is we need an extra
hypothesis, i.e. WN M[N/z] provided M and N are WN. Finally, a second additional
result is still needed: WNe, M and WN N implies WNe ,,, M [N/y] for any y # x. That
is, replacing a variable different from the head in a weakly neutral normalizing term must

also yield a weakly neutral normalizing term®.

Tn [20], the same idea is applied.
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Also, we need the following lemma, which is proven by simple induction:

Lemma 3.3 (Strong Neutral Weakening). WNe, M = ne, M.

Without further ado, let us proceed to the main lemma:

Lemma 3.4. Let TEFM:a, TEFN:B, WNN, o:T—=A|M, Unarycx N and Tkz:[.
Then:

1. WNey, M = (i) WN Mo, (i) y#x = WNe,, Mo and (iit) a = f—vy = WNMN.
2. WNM = (i) WN Mo and (ii) a = f—y = WNMN.

Proof. The proof proceeds by complete induction on the structure of the type 3, and
subordinate induction on the definition of WN (Def. 3.1). So, to begin with, take 5 and
assume the statement for all of its proper components. We proceed to the subordinate

induction by case analysis:

Case v: Then M = y and we must show 1: (i) WNyo; (ii) y#xr = WNe,, yo and (iii)
a = f—vy = WNyN. As to (i), either y = = or not. In the first case, by definition of
unary substitution (Def. 2.31) we have oy = N, which is normalizing by hypothesis. In the
second case, by the same definition we get oy = z is a variable, which is also normalizing.
As to (ii), if y#x then by definition of WNe we have WNe , z. As to (iii): by rule app
of WN with WNe, y and WN N we have WNe, yN, thus by rule ne we get WNyN, as

desired.

Case app: Then M = P( and WNe , PQ follows from WNe , P and WNQ, and I' - PQ : v
follows from I'-P:§ — o and ' Q : 6. We need to show 1: (i) WN (PQ)o, (i) y#z =
WNe,, (PQ)o and (iii) a = f—y = WN (PQ)N. First, by ind. hyp. we have WN Po and
WN Qo. Besides, by Lem. 2.26.1 we get AFPo:d — « and AFQo:. Now, we have
either y = = or not. In the first case, by neutral weakening (Lem. 3.3) we get ne, P,
thus by Argument Lemma (2.35) it follows § < 3. So, as to (i), we can apply the main
ind. hyp. 2(ii) with M:=Po, N:=Qo and $:=§' and get WN PoQo which —by definition
of effect of substitution (Def. 2.8)— equals to WN (PQ)o, as desired. On the contrary, if
y#x, then by ind. hyp. (ii) we get WNe,, Po. Furthermore, by rule app of definition of
WN it follows WNe ,, PoQo, thus by ne rule we obtain WN (PQ)o. (ii) Just proven. (iii)

Similar to case v.

!By M:=Po we mean that the induction is made with its parameter M set to Po; analogously to N
and (.
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Case ne: Then WN M follows from WNe, M and 2 is direct by ind. hyp. 1 (i) and (iii).

Case A\: Then M = Ay.P and WN \y.P follows from WN P and I'Ay.P:6 — € from
'y : 0FP:e, and we have o:I'=A | y.P. We need to show 2: (i) WN (A\y.P)o
and (ii) a=f—y = WN(Ay.P)N. As to (i), by definition of substitution we have
(A\y.P)o = \z.P(0,z/y) with z = x(0, \y.P). We now proceed by cases: either y = = or
not. In the first case, before we can apply the ind. hyp. with M:=WN P and 0:=(0, z/x), we
need to show ' x : § -z : § —since P types under the context I', x:6. However, this does
not necessarily follow since ¢ is arbitrary. Nevertheless, we can proceed as follows: let us fix
some u = X (¢, P). Then, by Lemma 2.9.2 we have u#P. Now, seeing that z = x(o, A\z.P),
by Chi Lemma (2.9.1) we have z#Az.P and thus, by successive applications of typed sub-
stitution Lemmas 2.26.2 and 2.26.3, we obtain (o, z/z,v/u): T, z:0,u:f — A, z:0,v:0 | P
—for any v. Besides, by Lemma 2.23 we have I', z:§,u:8+ P : € hence by definition of
assignment of types (Def. 2.22) we get ', z:6, u:8F u: 5. Thus, by consecutive application
of (unary) Lemmas 2.32.2 and 2.32.4 we have Unary (o, z/x,v/u) uv, and since v is nor-
malizing by definition, we can apply the ind. hyp. and get WN P(o, z/z,v/u). Then, by
Lemma 2.11.2 using u#P followed by Lemma 2.11.1 we have P(o,z/x,v/u) = P(0,z/z),
thus WN P(o, z/z). Finally, by rule A of WN and definition of substitution we obtain
WN (Az.P)o, as desired. Now if, on the other hand, y # x, then by (unary) Lemma 2.32.3
we have Unary (0, z/y) x N and thus we can straightforwardly apply the ind. hyp. to
obtain WN P(o, z/y) and therefore derive WN (Ay.P)o in the same way. As to (ii), first
notice that, since a« = 8 — =, it follows 8 = 4, hence I',y:5Fy: 5. Then, by (unary)
Lemma 2.32.1 we have Unary [N/y]y N and by Lemma 2.26.4 [N/y|:T',y:5—T | P, thus
we can apply the ind. hyp. (i) and obtain WN P[N/y|. Lastly, since (Ay.P)N — P[N/y]
by exp rule we can derive WN (Ay.P)N.

Case exp: Then WN M follows from M — P and WN P, and we have I'- M : . We need to
show 2: (i) WN Mo and (ii) a=p—vy D WN M N. Asto (i), by compatibility of substitution
(Lemma 2.28) we have Mo — Po, and by main ind. hyp. 2(i) we get WN Po, therefore by
rule exp we obtain WN Mo. As to (ii), by subject reduction (Lemma 2.24) on the typing
of M we have I' P: —, thus we can apply the ind. hyp. (ii) and have WN PN. Then,
by closure of multiple-step reduction under the A-constructors (Lemma 2.19.4) applied to
M — P we get MN — PN, hence by exp we can derive WN M N as desired. O
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Chapter 4

Strong Normalization

In the previous chapter we proved that every typable term has a normal form. Now, we
will show a stronger result: typable terms not only have a normal form, but every reduc-
tion strategy used will eventually lead to it. This is known as the Strong Normalization

Theorem.

The structure of the proof is almost exactly the same as the one of the weak version.
First, we give a syntactic characterization of the set of strongly normalizing terms (SN)
and then, we follow Joachimksi and Matthes proof’s skeleton. Furthermore, SN is obtained
from WN by adding a few rules; the same applies to the proof itself. However, since as
is might not easy to see that SN characterizes the desired set, a proof of its soundness

respect to a more natural definition is desired.

So, to begin with, we start this chapter by giving two different characterizations of
the set of strongly normalizing terms; a syntactic one (SN) and a more natural one (sn).
Then, we will show the first one implies the second one' and finally prove every typable

term is SN.

4.1 Traditional Definition

A first traditional definition of the set of strongly normalizing terms originally given by

T. Altenkirch in [14] is obtained by considering the accessible —or well-founded— part of

! Actually, the sets are equivalent. However, we only need one side of the equivalence, that is, the
soundness of SN with respect to sn. For a proof of the other implication, i.e. its completeness, the
interested reader may refer to [6, 13].
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the beta-reduction relation; put in other words, a term M is strongly normalizing —and

written sn M— if and only if for every M —3 N then N is also strongly normalizing:

Definition 4.1 (Traditional Definition of Strongly Normalizing Terms).

(VN) (M —3 N = snN)
sn M.

Then, the following properties about sn are proven:

Lemma 4.2. 1. sn is closed under ~g; 2. snx; 3. sn 1is closed under —»;
4. snMN = snM A snN, and5.snM = snAiz.M.

Proof. (4.2.1) By induction on sn M. Take N and P such that M ~, N and N —3 P. By
Lemma 2.29 we have @) s.t. M —3 Q) ~, P. Hence sn(@ and by ind. hyp., since ) ~, P,
sn P as desired. (4.2.2) By vacuity, since there is no possible way of having x —3 M for
any x. (4.2.3) By induction on M — N. (4.2.4) By induction on sn M N. (4.2.5) By

induction on sn M. O

4.2 Syntactic Definition

Definition 4.1 might be simple, but since it is not driven by syntax, performing induction
on it becomes quite difficult. Nevertheless, —as we said earlier in the introduction of this
chapter— we can extend the previous definition of WN to characterize the set of strongly

normalizing terms just by replacing the reduction relation used in the exp rule:

Definition 4.3 (SN, SNe and —sy).

SNe, M SNN
T ———  app:
v SNe, x PP SNe, M N
ne: SNe, M A\ SN M exp: M—snyN SNN
SN M SN A \x.M SN M
,8: SN N appL' M —SN M’ o M —SN R R ~a N
(Ax.M)N —sny M[N/x] " MN —ey M'N ' M —sy N

As it can be seen, instead of using — we have now introduced a new reduction relation

—sn —to be pronounced (big) strongly normalizing head reduction or strong reduction,
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for short— which is a left-most strategy, in addition to requiring the argument of the
redex being strongly normalizing. Besides, it does not step inside abstractions —hence is
an outer-most strategy. This relation guarantees that both paths, that is, contracting the

redex (left-most) and reducing the argument (right-most) are normalizing.

Also, we have introduced a new rule, i.e. « which allow us to perform an alpha-
conversion after a strong reduction step. The reason of this is that, similarly as what
happens with WN where use the lemma of compatibility of multi-step reduction with
substitution in the proof of the main lemma —more specifically, in the exp case— we will
also need a lemma of compatibility of —gy for SN, i.e. M —gy N implies Mo —gn No.

This is only possible if we have alpha-conversion as part of the reduction relation.

4.3 Soundness of SN

Now we will show that SN is sound with respect of sn, i.e. every term in SN is also in sn,
and then we shall prove every typable term is in SN and —because of what we have just

mentioned— so in sn.

But before, we will need to show some properties about neutral terms. In addition, we
need to define (small) —, which is an equivalent relation to (big) —sn except it uses sn

for the argument being normalizing instead of SN (in the  rule).

All lemmas in this section follow almost the same structure of the proof given in [15]

—except we have to consider alpha-conversion.

Properties of Neutral Terms

So, to begin with, we now will turn our attention to some interesting properties about

neutral terms and sn:

Lemma 4.4. LetneM. Then: 1. M —g N = neN, and 2. sn M AsnN = snMN.

Proof. (4.4.1) By induction on ne M. (4.4.2) By well-founded induction on the lexico-
graphic order of (snM,snN). Assume MN —3 P and proceed by cases analysis on P
to prove sn P. Case P = M'N with M —3 M': using Lemma 4.4.1 we obtain ne M.

34



Then, by definition of sn M we get sn M’, thus by ind. hyp., sn P. Case P = M N’ with
N —3 N': proceed analogously using sn N'. O

Strongly Normalizing Head Reductions

Now, before showing (big) SN is sound respect of (small) sn, it is convenient to show —gy
is sound respect to an analogous strategy that does not mention SN. Thus, we define the

following;:

Definition 4.5. —, —to be pronounced (small) strongly normalizing head reduction or

strong reduction for short— is the reduction relation defined as:

3: sn N appl.: M =g M’ o M —a R R~y N
" (A2 M)N —4 M[N/z] " MN —g M'N M =g N

That is, —¢, and —gy are exactly the same except for the § rule.

Also, it will be convenient to show —¢, and — 3 are compatible in the sense that, if given
M we can perform one beta-reduction step and arrive to P and one strong reduction step
and go to N, then there must exist a common term () such that both paths will eventually

converge to it, from P in one step of —¢, and from N in multiple steps (of any strategy):

Lemma 4.6. M - N N M =3P = N~y P V (3Q) P =5 Q@ N N - Q.

Proof. By induction on the derivation of M —¢, N and subordinate analysis of M — g P.
So take M —¢, N and proceed by cases:

Case 3: Then M = (Az.R)S, N = R[S/z] and we have sn S. We now proceed by (sub)cases
on the derivation of (Az.R)S —3 P. Sub-case j: Then, we have Q = P = R[S/x].
Sub-case appL: Then P = (Az.R')S and we have R —5 R’. Let Q = R'[S/x]. By
definition of multi-step reduction (Definition 2.17) we have R — R’, thus by compatibility
of substitution (Lemma 2.28) we get R[S/z] — Q. Hence, by 3 rule of definition of
(small) strong reduction (Definition 4.5) we get (Az.R’)S —sn @, as desired. Sub-case
appR: Then P = (Az.R)S" and we have S —5 S’. Let @ = R[S’/z]. On the one hand, by
extension of multi-step reduction up to substitutions (Definition 2.18) we have [S/x] —
[S’/x] thus by Lemma 2.19.3 it follows R[S/z] — Q. On the other hand, by definition of
sn (Definition 4.1) —since we have sn S and S —g S'— if follows sn S’, thus by 3 rule of
sn we can get (A\z.R)S’ —4n Q.
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Case appL: Then M = RS, N = R'S and we have R —, R'. We now proceed by
(sub)cases on the derivation of RS —3 P. Sub-case : Absurd, for in such case R would
be an abstraction but we know strong reductions do not step into them. Sub-case appL:
Then P = R"S and we have R —g R”. By ind. hyp. with R —s, R and R —3 R” we
have two possibilities —one for each thesis. In the first case, we have R’ ~, R’, thus it
is immediate that R'S ~, R”S. In the second case, we have that there exists some Q’
such that R" —¢, @ and R’ — Q. Let Q = @Q'S. Then, by appL rule of definitions of
—sn and —g we have RS —, Q and R'S —p Q, respectively. Thus, with the latter
and by definition of — we have R'S — @, as desired. Sub-case appR: Then P = RS’
and we have S —3 5. Let Q@ = R'S’. Then, by rule appL of strong reduction we have
RS’ —¢, R'S" and by rule appR of beta-reduction together with definition of — we have
R'S - R'S'.

Case a: Then M —¢, N follows form M —¢, R and R ~, N. The ind. hyp. gives us either
R ~, P or there exists some @) s.t. R — @ and P —¢, (). In the first case, by transitivity
and symmetry of alpha-conversion on R ~, N and R ~, P, we obtain N ~, P. In the
second case, by commutativity of alpha and beta using R ~, N and R — @ it follows
N — S and Q ~, S, for some S. Finally, by « rule using P —s, @ and @ ~, S we have

P —¢, S, hence S was the term we were looking for. O

The Proof of Soundness

In this section we finally show the proof of the soundness of SN.

However, since —gy is part of the definition of SN it will be convenient to show the it
is sound with respect to one that does not mention SN; that is, —s,. For this last part
we will need some preparatory result, namely that sn is backwardly closed under beta

contraction —or as called in [15], Weak Head Ezpansion:

Lemma 4.7 (Weak Head Expansion). snN A sn@Q A Q ~q M[N/x] = sn(Ax.M)N.

Proof. By well-founded induction on the lexicographic order of (sn N,sn Q). Thus, assume
(Az.M)N —p P for some P and then proceed by cases on the derivation of the reduction

to prove sn P.

Case a: Then P = M[N/z]|. By closure of sn under alpha-conversion on the hypothesis
Q ~o M[N/z] we have sn M[N/z], as desired. Case appL: Then P = (AzM')N and
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Ae.M —g Ax.M' follows from M —3 M’'. By compatibility (Lemma 2.27) on the latter
we have M[N/z] —3 R and R ~, M'[N/z], for some R. Then, by commutativity of
alpha and beta using hypothesis @ ~o M[N/x] and M[N/z] —3 R we have Q —g S
and S ~, R, for some S. Thus, by definition of sn using sn@ and Q —3 S we have
sn .S —which precedes sn () in the derivation, hence it can be used to obtain an ind. hyp.
Besides, by transitivity of alpha-conversion using S ~, R and R ~, M'[N/x] we have
S ~q M'[N/z], thus we can apply ind. hyp. with the latter, sn N and sn @) and therefore
obtain sn (AzM’)N, as desired. Case appR: Then P = (Az.M)N’ and N —3 N’. By
Lemma 2.19.3 we have M[N/xz] - M[N’/z] and by closure of sn under alpha-conversion
using the hypothesis @ ~, M[N/z] we have sn M[N/z], thus by closure under multi-step
reduction using the latter and M[N/z] - M[N'/x] we get sn M[N'/z|. Finally, since
N —3 N’ we have sn N’ is smaller than sn N, thus we can apply ind. hyp. with sn N’,
sn M[N'/z] and M[N'/z| ~, M[N'/z] and obtain sn (Ax.M)N’, as desired. O

We are almost ready to establish a more general result, i.e. sn is backwardly closed

with respect to —¢,. Yet, we still need one more preliminary result, which is the following:

Lemma 4.8. Let M —¢, M’ as well as M, N and M'N be sn. Then sn M N.

Proof. By well-founded induction on the lexicographic order of (sn M,sn N). Thus, assume

MN — 5 P and proceed by cases analysis to show sn P:

Case appL: Then P = M”N and MN —3 M"N follows from M —3 M". By Lemma 4.6,
either M’ ~, M" or there exists some @ such that M’ — Q and M"” —¢, Q. The first case
follows directly from the hypothesis sn M'N together with Lemma 4.2.1. In the second
case, first notice that by Lemma 4.2.3 and by Definition 2.17 we get sn QN. Then, by
definition of sn M, we have sn M” hence we can apply the ind. hyp. to obtain sn P. Case
appR: Then P = MN’ and MN —3 MN' follows from N —3 N'. By definition of sn
using MN —g MN' with sn MN and N —3 N’ with sn N we have sn M N’ and sn N,
thus by ind. hyp. we can derive sn M N’, as desired. O

Finally, with these last two results we can prove —, is backwardly closed under sn:

Lemma 4.9 (Backward Closure of sn). snN A M —¢, N = snM

Proof. By induction on the derivation of M —¢, N. Case : Using Lemma 4.7. Case
appL: Assume M —¢, M’ and sn M'N. By Lemma 4.2.4 we have sn M’ and sn N. Then,
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by ind. hyp. we have sn M. Finally, using Lemma 4.8, we get sn MN. Case a: Use
Lemma 4.2.1 and then the ind. hyp. O

Now, as to the complete proof —the soundness of SN— we only need two more prepara-

tory results:

Lemma 4.10.

1. SNe; M = ne M (Strong Neutral Weakening)
2. M —-sny N = M — N (Reduction Weakening).

Proof. (4.10.1) By simple induction on SNe, M. (4.10.2) By simple induction on the
derivation of M —gy IN. Case a: Then M —gN N follows from M —sn P and P ~, N.
By ind. hyp. we have M — N. Also, by Definition 2.17 we get P — N. Then, by
transitivity of ~, we have M — N. Case (3: By Definition 2.17. Case appL: M N —gn
M'N is obtained from M —gy M’. By ind. hyp. we have M — N hence, by Lemma 2.19.4
we have MN — M'N. O

Finally, we can show SN is sound respect to sn:

Theorem 4.11 (Soundness of SN).

1. SNM = snM
2. SNe, M = snM
3. M—>5|\|N = M — N.

Proof. By simultaneous induction, following Definition 4.3. Case v: By Lemma 4.2.2.
Case app: Then M = PQ and SNe, (PQ) is obtained from SNe, P and SN@Q. By
ind. hyp. we have sn P and sn (), and by Lemma 4.10.1 we get ne P, thus by Lemma 4.4.2
we obtain sn PQ). Case ne: By ind. hyp. Case A: By ind. hyp. followed by Lemma 4.2.5.
Case exp: By ind. hyp. followed by Lemma 4.9. Case 3: By ind. hyp. and Definition 4.5.
Case appL: By ind. hyp. and Definition 4.5. O

4.4 The Strong Normalization Theorem

We can now extend the Weak Normalization Theorem (3.2) up to SN, and since SN implies

sn, then every typable term must be in sn as well:
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Theorem 4.12 (Strong Normalization). I' M : « = SN M.

The proof proceeds exactly the same as in the theorem for WN except for the case of

application, where instead of using Lemma 3.4, we will we use the following adaptation to
SN:

Lemma 4.13. Let TFM:a, TEFN:3, SNN, 0:T—=A| M, Unarycxz N and T'Fz:[.
Then:

1. SNey, M = (i) SN Mo, (ii) y#x = SNe sy Mo and (iii) o = f—vy = SN MN.
2. SNM = (i) SN Mo and (ii) o = f—y = SNMN.
3. M sy P = Mo —sn Po.

Proof. Again, the proof proceeds by complete induction on S and subordinate induction
on the definition of SN (Def. 4.3). We will only show the cases corresponding to the
additional rules of SN —which are not in WN— plus exp which is a bit different; the

remaining cases are exactly the same:

Case exp: Then SN M follows from M —gy P and SN P. Also, we have ' M : . Then,
we need to show 2: (i) SN Mo and (ii) a=p—v D SN M N. Asto (i), by the main ind. hyp.
3 we have Mo —gy Po and by ind. hyp. 2(i) SN Po. Thus by rule exp we obtain SN Mo,
as desired. As to (ii), by reduction weakening (Lemma 4.10.2) we have M — P, therefore
by subject reduction (Lemma 2.24) I'k P:3—~. Thus, we can apply ind. hyp. (ii) on
SN P and have SN PN, hence by rule appL applied to M —gn P we get MN —gy PN.
Finally, by exp we can derive SN M N, as desired.

Case f8: Then (Az.M)N —sn M[N/z] follows from SN N and we need to show 3:
((Ax.M)N)o —sny M[N/xz]o. First, notice that by definition of substitution (Def. 2.8)
we have ((Ax.M)N)o = (Az.M(0,z/x))No with z = x(o,A\x.M). In addition, by the
main ind. hyp. 1(i) we have SN No, thus we can apply (5 rule of SN (Def. 4.3) and have
(Az2.M(0,z/x))No —sn M (o, z/x)[No/z]. Besides, by Chi Lemma (Lem. 2.9.1) we have
z# (o, \yM), hence we can use Corollary 2.15.1 and have M (o, z/x)[No/z| ~o M[N/x]o.
Finally, we can use rule o of SN and obtain ((Az.M)N)o —sy M[N/x]o, as desired.

Case appL: Then MN —sy M'N follows from M —sy M’ and we must show 3:
(MN)o —sy (M'N)o. By ind. hyp. we have Mo —sy M'o, thus by appL rule we
can apply No on both sides and obtain MoNo —sy M’'cNo which by definition of
substitution equals (M N)o —sy (M'N)o.
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Case a: Then M —gn P follows from M —gy N and N ~, P, and we need to
show 3: Mo —sy Po. By ind. hyp. we have Mo —sy No. Besides, by equal-
ization (Lemma 2.14.10) we get No = Po. Then, by reflexivity of alpha-conversion
(Lemma. 2.14.3) we can obtain No ~, Po, and finally by a rule of SN we can derive

Mo —gN Po, as desired. O
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Chapter 5

Conclusions

We were able to fully formalize the Weak and Strong Normalization Theorem for the
Lambda Calculus in first-order syntax with only one sort of names and explicitly consid-
ering alpha-conversion. The result should be assessed in connection with the expectations
stated in the Introduction. We assign relevance first of all to the complexity of the for-

malized version, both in Agda and in mathematical English.

Concerning the latter, we believe that this method makes it possible to come closer
to a presentation in textbook style that does not hide details that need formalization. Of
course, the main price paid has been the explicit handling of alpha-conversion; this has
shown itself mainly in the formulation of the main definitions and results, which often
must replace identity of terms by their alpha conversion, due to the renaming implicit in
the effect of substitution on abstractions. As to additional, housekeeping lemmas, these

seem to have been circumscribed to results of closure under alpha conversion.

Another aspect of the complexity has to do with the kind of proof methods required:
when dealing with terms, we have been able to proceed by using only structural induction.
In addition to this, we used of course induction on the various predicates and relations
introduced, among which there is the somewhat complex mutual Definitions 3.1 and 4.3
of Sections 3.1 and 4.2, as well as the well-founded induction on types which was the main

method in the proof we chose to formalize.

On the other hand, the size of the Agda code has by no means exploded: it is of
about 800 lines, which approximately 300 belongs to the Weak Normalization Theorem of
Chapter 3 and some auxiliary lemmas, and the remaining 500 lines for the Strong Nor-

malization Theorem split almost in halves between the proof of soundness of the inductive
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characterization of the strongly normalizing terms of Section 4.3 and the theorem itself of
Section 4.4. The complexity of the development can also be assessed by the effort required:
about 500 hours of work. This of course reveals a quite high cost for each Agda line of

code.

Our pre-existing library providing the basics for the formalization of the calculus by
the method chosen was only marginally updated. The required new results and definitions
are shown in Sections 2.6, 2.7, 2.8 and 2.9. The library was readily understood and made
use of by the author of the formalization, despite his not having much prior experience in

Agda (this was of only one tutorial course).

We believe we have made progress towards developing a corpus of formalized meta-
theory of the Lambda Calculus somewhat along the lines of [30]. We also think that
the present approach allows to aspire at achieving such a goal using the sort of explicit

mathematical English we have used above, in turn supported by the Agda version.

This work should be compared to other formalizations of strong normalization, most
notably those referred to in [15]. They employ variants of higher-order abstract syntax
and of the de Bruijn notation, both of which of course dispense with alpha conversion.
Besides, as far to our knowledge, there is not yet formalization of our approach —using
first-order syntax with one sort of names. A full discussion is outside the scope of the
present thesis, but should be carried out. We should for that matter experiment with
the full challenge posed in [15], using Kripke-style logical relations for proving strong
normalization. The use of typed reduction will then force us to reformulate the calculus.
We also have tried a formalization in Constructive Type Theory using Agda of principles
of induction implementing the Barendregt variable convention —see [31, 32], somewhat

similarly to [33]. Again, we are still short of a full comparison in this respect.

Finally, we would like to make some observations with regard to the code written and
how it can be improved, and further about our very concrete approach of the calculus we
have chosen, specifically in account of substitutions. The first consideration is about our
notion of unary substitutions (Definition 2.31) introduced in Chapter 2 as a manner of
formalizing Joachimksi and Matthes’ proof [6] in Lemmas 3.4 and 4.13; to put it roughly,
the proof requires a lemma which states that SN M and SN N implies SN M [N/z]. As to
substitutions —and already established— they arise from the process of beta-contracting
redexes, viz. (Ax.M)N —3 M[N/x], being its purpose to replace the (free) occurrences of
one variable —the name of the argument— with a term —the argument itself. However,

as the substitution travels across the structure of the term, some abstractions might be
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encountered where in such case a renaming is performed, leading to the crafting of a
new multiple substitution made up of the original plus an update, viz. A\z.M[N/z, z/y].
Nevertheless, the substitution is in essence still unary. Thus we now would like to propose,
as an experiment to see drawbacks and benefits, to consider directly defining the set of
substitution to —instead of ¥ = V — A as currently is in the framework [1]— a less
general characterization, e.g. ¥ =V x A xV — V| i.e. a 3-tuple composed of the name of
the argument, the argument itself and a renaming (given as a mapping from V to V) and

therefore dispense of Definition 2.31.

Another observation is respect to the (main) Lemmas 3.4 and 4.13. There, we believe at
least three improvements might have been made. First of all, actually it is not mandatory
to have as part of the lemma the thesis 1(ii) —which states neutrability is preserved under
certain unary substitutions— that is to say, it could and it should be extracted, thus
reducing the complexity of the lemma. In fact, we have discovered it while coding it and
so we also uploaded the suggested version to the repository, as said earlier somewhere in
this thesis. We believe we should have presented the latter in this thesis, if we had the
time. Secondly, the typing judgments of M and x, and the hypothesis ¢:T'— A | M may
be replaced by two different hypothesis, each of one to be placed only in one of the thesis;
as to thesis 1 and 2(i), we could have used ' Mo:a A (z,5) € I instead, and as to
1(iii) and 2(ii), '"F M N : « besides of dropping the hypothesis « =  — 7. And finally,
a third observation is in regard to Lemma 2.11.2. It could be replaced by a proof that
Definition 4.3 is closed under alpha conversion, hence the case A in the proof of Lemma 3.4
will have shorten significantly, as the sub-case y = x would be solved by just using this

new closure lemma.

Lastly, in the repository a version tagged “buggy” can be found. In this version of the
Strong Normalization Theorem, the induction is done on the type of 5 and subordinate
induction straightly on the derivation of SN —as opposed to the main version where the
subordinate inductions is done on the height of the derivation instead. This is because for
some reason, if the induction was directly made in the derivation of SN, Agda’s termination
checking phase would fail. Using the computed height seems to solve the issue. We really
do not know if it is a bug or else and neither we reported it. To investigate the cause of

this anomaly is a pending task.
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Appendix A

Code

module Neutral where

open import Term

open import Chi

open import Substitution
open import Alpha

open import Beta

open import Relation A

open import Data.Sum

open import Relation.Binary.PropositionalEquality

-- Neutral/normal

data ne : V> A > Set
data nf : A > Set

data ne where

var : V {x} » ne x (v x)

app : V{xMN}>nexM>nfN>nex (M-

data nf where

ND
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49

50

51

52

53

54

55

56

57

58

59

nfe : V{M x} > ne xM>nfM
abs : V {x M} > nf M > nf (X x M)

-- Weak-neutral

data wne : V » A > Set where
var : VY {x} > wne x (v x)

app : V {x M N} > wne x M>wne x (M - N)

-- Lemmas

closure-wne>f3 : V {x M N} > wne x M > M >3 N> wne x N
closure-wne>f var (ctxinj ())

closure-wne>f3 (app wneM) (ctx-1 M>N) = app (closure-wne>f wneM M>N)
closure-wne~>f (app wneM) (ctx-r _) = app wneM

closure-wne>f (app ()) (ctxinj tfp)

closure-wne~o : V {x M N} > wne x M > M ~a N> wne x N
closure-wne~ao var ~v = var

closure-wne~a (app wneM) (~- M~N _) = app (closure-wne~a wneM M~N)

lemma; : V {x M N} >wne xM>M — N > wne x N

lemma; wneM refl = wneM

lemma; wneM (just (inj; M»>N)) = closure-wne=>f wneM M>N
lemma; wneM (just (injs M~N)) = closure-wne~ao wneM M~N
lemma; wneM (trans M»>N N»P) = lemma; (lemma; wneM M>N) N-P

corollary; : V {x M} > wne x M > nf M > ne x M

corollary; var _ = var

corollary; (app wneM) (nfe (app neM nfN)) = app (corollary; wneM (nfe neM)) nfN

lemmag : V{oc x yM} >wne xM>ox=vy->wey (Me o)
lemmas {o} {x} var ox=y with o x

lemmas var refl | vy = var

lemmas (app wneM) ox=y = app (lemmasz wneM ox=y)
End of Neutral.agda
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module TypelLemmas where

open import
open import
open import

open import

open import
open import

open import

data _,<

SoundnessSN
Term
Data.Sum
Neutral

Relation.Binary.PropositionalEquality hiding (trans)

Induction.WellFounded
Data.Unit

: Type » Type > Set where

<1V {a B> o< (@—P)
<r: VA{ap}r>pB < (a— B

wf, < : Well-

founded _,<_

wf,.< T =acc Ay (O

wf,.< (A —

B) = acc wf,.<-aux

where wf <-aux : (y : Type) » y < (A — B) » Acc
wf, <-aux .A <1l = wf, < A
wf.<-aux .B ,<r = wf < B

open Transitive-closure _,<_

<t = <t

—T — —

wf <t : Well-founded _,<t_

wf, <" = well-founded wf, <

lemma-=I'x :

V{apI'x}»T'Fvx:a>TFvx:B>a

lemma-=I'x (kv x€I'1) (Fv x€l's) = lemmae! xel'y xely

lemma-,.< : V{a BT Mx}>wnexM>TFvx:B>TFM:

—<_ Y

lemma--< var hdM: hdM:a = injo (lemma-=I'x hdM:o hdM:[3)
lemma-,< {A} {B} (app M) hdM:B (F- M:y»a _) with lemma-,< M hdM:[ M:y~>a
| inj1 y2»o<p = inj; (trans [ <r 1 y»a<P)

a> o<t BYWa=p
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o6 lemma-.< {A} .{y — A} (app _) hdM:B (F- {y} M:y»>a _) | injs refl = inj; [
o <r ]

97

os lemma-—,< : V{ay BT Mx}>wexM>TFvx:B8>TFM:a—y>a,<"f

99 lemma- < M| hdM: M:o»y with lemma-,< M| hdM:B M:a>y

100 ... | inj; o>y<p = trans [ <1 1 a>y<p

101 lemma-,< {A} {y} .{A — y} My hdM:p M:a>y | injs refl = [ <1 ]

End of TypelLemmas.agda

102 module Unary where

103

104 open import Chi

105 open import Term

106 open import Substitution

107 open import ListProperties

100 open import Data.Nat

110 open import Data.Sum

111 open import Data.Product hiding (%)

112 open import Relation.Binary.PropositionalEquality
113 open import Relation.Nullary

114 open import Data.Empty

115

116 data IsVar : A > Set where

117 isv : V {x} » IsVar (v x)

118

119 Unary : ¥ >V > A > Set

120 Unary 6 x M=o x =MxV {y} >y £ x » IsVar (o y)
121

122 unary : V {x M} » Unary (1 <+ (x , M)) x M

123 unary {x} {M} with x:; X

124 ... | no x#Ex = a-elim (x#x refl)

125 ... | yes refl = refl , aux

126 where aux : {y : V} >y # x » IsVar ((1 <+ (x , M) y)
127 aux {y} _ with x:; y

128 ... | no _ =1isv

o1



129 aux {.x} y#x | yes refl = a-elim (y#x refl)

130

131 unary<+= : V {x y 6 M} » Unary 6 x M > Unary (o <+ (x , v y)) x (vy)
?

132 unary<+= {x} {y} {o} Unyc with x X

133 ... | no x#x = a-elim (x#x refl)

134 ... | yes _ = refl , aux

135 where aux : {z : V} » z £ x > IsVar ((o <+ (x , v y)) 2)
136 aux {z} z#x with x 2 z

137 ... | no _ = projs Unyc z#x

138 aux {.x} z#x | yes refl = a-elim (z#x refl)

139
140 unary<+z : V {xyzoM}>y #x~>Unary 6 x M> Unary (o <+ (y , v 2)) x M
11 unary=<+z {x} {y} {z} {0} y#x Unyc with y Z X

142 ... | yes y=x = a-elim (y#x y=x)

143 ... | no _ = proji; Unyoc , aux

144 where aux : {w : V} > w #Z x > IsVar ((c <+ (y , v 2)) w)
145 aux {w} w#x with y Zow

146 ... | no _ = projo Unyoc w#x

147 aux {.y} _ | yes refl = isv

148

140 unaryv : V {xy z o M} > Unary c x (vy) > Unary (c <+ (z , M) z M
150 unaryv {x} {y} {z} Unyoc with z Z z

151 ... | no z#z = a-elim (z#z refl)

152 unaryv {x} {y} {z} {o} {M} Unyoc | yes refl = refl , aux

153 where aux : {w : V} > w # z » IsVar ((c <+ (z , M) w)

154 aux {w} _ with z k. W

155 |nO_WithX;W

156 ... | no x#w = projo Unyc (sym#Z x#w)

157 aux {.x} _ | no _ | yes refl with o x | proj; Unyo
158 ... | v.y | refl =isv

159 aux {.z} w#z | yes refl = a-elim (w#z refl)

End of Unary.agda

160 module WeakNormalization where
161

162 open import Term

92



163 open import Chi

164 open import Substitution

165 open import Data.Sum

166 open import Data.Product hiding (%)

167 open import Beta

168 open import Alpha

169 open import SubstitutionlLemmas

170 open import ListProperties

171 open import Relation using (just; trans) renaming (refl to reflR)

172 open import Unary

173 open import Typelemmas

1724 open import ParallelReduction

175 open import SubstitutionCompatibilitylemmas hiding (_—_)

176 open import Neutral

177

178 open import Data.Nat hiding (_x_)

179 open import Relation.Binary.PropositionalEquality renaming (trans to trans=)

10 open import Induction.WellFounded

181 open import Data.Unit hiding (_;1)

182 open import Data.Empty

183 open import Relation.Nullary

184 open import Induction.Nat

185 open import Data.Nat.Properties

186 open import Relation.Binary hiding (_=_)

187 open import Algebra.Structures

188

189 —— Well-foundness proofs

190

101 open Lexicographic _.<T_ (A _mn > m <’ n) renaming (_<_ to _,,n<_ ;
— well-founded to wf)

192

193 Wf-,n< : Well-founded _,,N<_

104 Wfy,§< = wfY wf,<t <-well-founded

195

196 —- Definitions

197

108 data WN : A > Set
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199

200
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204

205

206

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

data WNe : V > A > Set

data WNe where
var : V {x} » WNe x (v x)
app : V {Xx MN} >WNe xM>WNN=>WNe x (M- N)

data WN where
wke : V {M x} >WNe xM>WNM
abs : V {x M} > WN M > WN (X x M)
exp : V{MN}>M-—=N>WNN->WM

heightNe : V {M x} » WNe x M » N
height :V{M}>WNM->N

heightNe var = 0
heightNe (app M| N{) = suc (heightNe M| LI height NJ)

height (abs M|) = suc (height M{)
height (wke M|) = suc (heightNe MJ})
height (exp _ M|) = suc (height M)

-- Auxiliary lemmas

m<’mln+1 : ¥V mn->m<" suc (m L n)
m<’min+l m n = s<’s (<=<’ (m<mUn m n))

LI-comm = IsCommutativeMonoid.comm
< (IsCommutativeSemiringWithoutOne.+-isCommutativeMonoid

— -M-0-isCommutativeSemiringWithoutOne)

m<’nUm+1 : Vmn->m< suc (n U m
m<’nlm+1 m n with n LU m | LUl-comm n m

m<’nm+1T mn | .(m U n) | refl = m<mn+1 m n

lemmac|: : V{c ' APQ}»c: " - A |P-Q>(:T"—=A|P)x (c:

- A1 Q
lemmac|- o|PQ = (A x*P > o|PQ (*-1 x*P)) , (A x*Q > o|PQ (*-r x*Q))
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233

232 WNe=wne : V {x M} > WNe x M > wne x M
235  WNe=>wne var = var

236 WNe=wne (app M| _) = app (WNe=wne M{})
237

2338 ne=WNe : V {x M} > ne x M > WNe x M

239 NF=WN : V {M} > nf M > WN M

240

241 ne=WNe var = var

222 ne=WNe (app neM nfN) = app (ne=WNe neM) (nf=WN nfN)
243

244 nf=WN (nfe neM) = wke (ne=-WNe neM)

225 Nf=WN (abs nfM) = abs (nf=WN nfM)

246

247 —= Soundness WN

248

240 wn : A > Set

250 WnM=3XN>M-—»Nxnf N

251

252 sound-WN : V {M} > WN M > wn M

253 sound-WNe : V {x M} > WNe x M > wn M

255 sound-WN (wke M{l) = sound-WNe M|

256 sound-WN (abs {x} M|) =

257 let N , M>N , nfN = sound-WN M|

258 in X x N , abs-star M>N , abs nfN

250 sound-WN (exp M>N NJ|}) =

260 let P , N»P , nfP = sound-WN N{

261 in P, trans M>N N»P , nfP

262

263 sound-WNe (var {x}) = v x , reflR , nfe var
264 sound-WNe (app M| N|) =

265 let M' , M>M' |, nfM'

sound-WNe MJ

266 N' , N»N' , nfN' = sound-WN NJ}
267 wneM' = lemma; (WNe=-wne M{}) M>M'
268 neM' = corollary; wneM' nfM'

269 in M'" - N' , trans (app-star-1 M>M') (app-star-r N»>N') , nfe (app neM' nfN")

95



270

271

272

273

274

275

276

277

279
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287

288
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291

292

293

294

295

296

297

298

300

301

302

303

-- Main lemma

WN-lemma : V {M " o B N}
> (M) : WN M)
> Acc _;,n<_ (B , height M|)

>T'FM: a
> WN N
> V{cA}Y>o : T =~ A | M>Unary c NI' B > WN (M e 0©))

x (AXNy2>a=pf—vyvyW~>TEN:B>WM: - N)

WN-lemmaNe : V {M I" o B x N}

> (M} : WNe x M)

> Acc _,,n<_ (B , heightNe M|)

>I'FM: «a

> WN N

> V{cA}»oc : ' = A | M>Unaryc NI' > WN (M e 0))

x (AXNy~>a=pf —yYW>TEN:B>WNM-N)

WN-lemmaNe .{v x} {I'} {_3 {B} {.x3 {N} (var {x}) _ _ N} = thesisy , \ _ _ >
< wke (app var NJ|})
where thesisy : V{c} {A}Y>0o : ' =~ A | (vx)>Unary c NI B> WN (v x e ©)
thesis; {0} _ Unyoc with o x | Unyo {x}
| .(vy) | inji (isv {y}) = wke var
oo | _ | injo (refl , ) = NJ
WN-lemmaNe {P - Q} {I'} {_} {B} {.x} {N} (app {x} PJ Q) (acc hi) (F- {y} {e}
— P:ry»e Q:y) N| =
thesis; , N _ _ > wke (app (app PJ Qi) NI|)
where
thesis; : V{c A}Y>oc: T =~ A |P-Q->Unaryc NI'B>WN (P - Q e ©)
thesisy {o} {A} o|PQ Unyc =
let m , n = heightNe P| , height Q|
olP:o: T —=~A|P
o|lP = X\ x*P > o|PQ (*-1 x*P)
Poll : WN (P e o)
Poll = proj; (WN-lemmaNe P{ (hi (B , m) (right (m<’mln+1 m n)))
< P:y»e N|J) o|P Unyo
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304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

334

335

336

clQ: c: T —~A1]Q
olQ = X\ x*Q > o|PQ (*-r x*Q)
Qoll : WN (Q e ©)
Qoll = proj; (WN-lemma Q| (hi (B , n) (right (m<’nUm+1 n m))) Q:y
< NJ) o|Q Unyo
Po:y»e : AFPeoc:y—e
Po:y»e = lemmal-oM P:y»e o|P
Qo:y : AFQeoc : ¥y
Qo:y = lemmatoM Q:y olQ
PQolli = X\ IsVarox ~»
let R , Po»R , nfR = sound-WN Pcl
y , ox=y = IsVar=3dy o x IsVarox
wneP = WNe=-wne PJ}
wnePc = lemmasg wneP ox=y
wneR = lemma; wnePoc Po-»R
neR = corollary; wneR nfR
Ry = ne=-WNe neR
in exp (app-star-1 Po»>R) (wke (app R Qol}))
PQollo = N { (_, I'x:B) ~»
let y<B : y ,<" B
y<B = lemma-,.< (WNe=wne P{) I'x:B P:y»e
in projo (WN-lemma Poll (hi (y , height Pol}) (left y<B)) Po:y>e
< Qoll) (¢, refl) Qo:y }

in [ PQolli , PQola 17 (Unys {x})

WN-lemma {B = B} (wke M{}) (acc hi) = WN-lemmaNe M| (hi (B , heightNe MJ})
(right <’-refl))
WN-lemma {X x P} {I'} {6 — €} {B} {N} (abs P{) (acc hi) (FX P:g) N| = thesis;
, thesisy (FX P:g)
where thesis; : V{c A}Y>oc : ' = A | X xP->Unary c NT'B>WN (X x P e ©)
thesisy {6} {A} o|XxP Unyc =
let z : V

z=y% (o, X xP)

olP: o<+ x,vz): I, x:8)—~QA,z:908)]|FP
o|P = lemmaaux— (y-lemma2 o (X x P)) o|xxP

Unyo,x=z : Unary (o <+ (x , vz)) NI , x : 8) B
Unyo,x=z = lemma-Unary<+ Unyc
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338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

356

357

358

359

360

361

362

363

364

365

366

Po,x=zl = proji; (WN-lemma P{ (hi (B , height P|) (right
— <’-refl)) P:e N|}) o|P Unyo,x=z
in abs Po,x=z|)
thesisy : V{6 e}>THFXXxP:08 —e>(dNy>0 —>¢e=B—Y)
& »TFN:B>W (XxP - N
thesiso {.B} {.y} (FX P:y) (y , refl) N:B =
let x=N|P : 0 <+ (x , N)) : (" , x :B) =T | P
x=N|P = lemma— (lemmai<+— N:B)
Unyx=N : Unary (1. <+ (x , D) NI , x : B) B
Unyx=N = lemma-Unaryi N:B
Px=N|} = proji; (WN-lemma P{ (hi (B , height P|) (right <’-refl))
< P:y NJJ) x=N|P Unyx=N
in exp (just (inj; (ctxinj ©f))) Px=N|
WN-lemma {M} {I'} {a} {B} {P} (exp {.M} {N} M—=N N|}) (acc hi) M:a P| = thesis;
< , thesisg
where n = height NJ
N:e : T EN: «
N:oo = lemmal>ax M:o M—N
thesis; : V{c A} » o : ' = A | M>Unaryc PI'B~>WN (M e o)
thesisy {o} {A} oM Unyc =
let oIN: o :T' = A |N
SIN = X x*N > o|M ((dual-#-* lemma-ox#) x*N M—N)
Noll : W (N e o)
Noll = proji (WN-lemma N| (hi (B , n) (right <’-refl)) N:a PJ|)
— o|N Unyo
in exp (subst-compat— M—N) Nol
thesispy : ANy >a=B —y)>TFP:B>W(M: P
thesiss a=f~>y P:B =
let NP| = projs (WN-lemma N{ (hi (B , n) (right <’-refl)) N:a P|)
— o=f»y P:B
in exp (app-star-1 M—N) NP}

WN-theo : V{I' Ma} > T"FM: o> WNM

WN-theo (Fv _) = wke var

WN-theo (- {o} {B} {M} M:o=B N:o) =
let M|} = WN-theo M:o>f
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368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

in projs (WN-lemma M| (wf,,n< (o , height M|)) M:o> (WN-theo N:a)) (B ,

« refl) N:a
WN-theo (FX M:a) = abs (WN-theo M:a)

-- Main theorem

wn-theo : V{I'Ma}>T"FM: a>wnM
wn-theo M:o = sound-WN (WN-theo M:a)

End of WeakNormalization.agda

module SoundnessSN where

open import Chi

open import Term renaming (_—_ to _=-_) hiding (_:_)
open import Beta

open import Substitution hiding (_o_)

open import Alpha

open import Relation A

open import ParallelReduction

open import SubstitutionLemmas

open import SubstitutionCompatibilitylLemmas hiding (_—_)

open import Neutral

open import Relation.Nullary

open import Data.Empty

open import Data.Sum

open import Relation.Binary.Core hiding (Rel)
open import Data.Product hiding ()

open import Data.Nat hiding (_;1)

open import Function

open import Relation.Binary.PropositionalEquality using (sym; substs)

infix 5 _»sn_
infix 4 _>SN_

-- Accessibility definition of strongly normalizing terms
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411
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414
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419
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422

423
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425

426

427

428

429

430

431

432

433

434

435

436

data sn : A » Set where
def : V (M} > (VW {N} > M>B N=>snN) »snM

data _»sn_ : A > A > Set where
B : V{XMN}y>snN>XxM: - N>snM[ x :=
appl : V{MM" N} »>M>snM" >M - N>»snM - N
asn : V{MNP}>M>snN>N~oP>M>snP

-— oasn : V{MNP}>M~aN>M>snN

N 1]

-- Convenient definition of strongly normalizing terms

data SN : A » Set
data SNe : V > A » Set
data _»SN_ : A » A » Set

data _»SN_ where
B : V{MNxXx}>SNN->XxM: - N>SNMTI[ x :=
appl : V {MM'" N} >M >SN M >M- - N>SNM - N
asn : V{MNP}>M>SNN->N~xP>M>SNP
-—— asn : V{MNP}>M~aN-=>M->SNN

data SNe where
v YV {x} > SNe x (v x)
app : V {x M N} >SNe x M>SNN=>SNe x (M- N)

data SN where
sne :V{Mx}>SNe xM>SNM
abs : V {Mx}>SNM=>SN (X x M
exp : V{MN}>M>SNN->SNN>SNM

-- Auxiliary lemmas

sn-o¢ : V{MN}>M~aN=>snM>snN
sn-o. {_HN} M"N (def hi) = def X\ N>P = sn-a-aux N>P
where sn-c-aux : V {P} > N> P > sn P
sn-o-aux N»P with conflo=f (~c M™N) N»P

N ]
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437 .. | —, MQ , P7Q = sn-a (~oc P7Q) (hi M>Q)

438

430 var-irred : V {x M} > (v x) »p M > «

440 var-irred (ctxinj ())

441

sz —32=>—3%x : Y {M NP} > M>BNx N~ P>M-—>P

143 —2=>—3x (M>P , P"N) = trans (just (inj; M»P)) (just (injo P°N))

444

445 —— Lemma 5 (subst-compat;): See SubstitutionCompatibilityLemmas module
446

447 —— Lemma 6 (subst-compats): See SubstitutionCompatibilityLemmas module
448

449 -- Lemma 8

450

451 multistep : V{MM'}>M M >snM->snM

452 multistep refl snM = snM

453 multistep (just (inj; M>M')) (def snM) = snM M>M'

454 multistep (just (injg M™M')) snM = sn-o M"M' snM

455 multistep (trans M>*N N>*P) snM = multistep N»>*P (multistep M»>*N snM)

457 —-— Lemma 9

459 lemma-sn-v : V {x} = sn (v x)

160 lemma-sn-v = def X\ x>M > q-elim (var-irred x~M)

461

162 lemma-sn-X : V {x M} > sn M > sn (X x M)

463 lemma-sn-X snM = def X\ XxM>P > lemma-sn-X-aux snM XxM-P

464 where lemma-sn-X-aux : V {x MP} > sn M> X x M>3 P > sn P
465 lemma-sn-X-aux _ (ctxinj ()
166 lemma-sn-X-aux (def M»>Q=snQ) (ctxXx M>M') = lemma-sn-X (M>Q=-snQ M>M')

467
468 inv-app-lemma : V {M N} >sn (M - N) > sn M x sn N
469 inv-app-lemma snMN = (def A\ M>P »> lemma-sn-app-auxj snMN M>P) , (def A N»>P -»
< lemma-sn-app-auxz snMN N-P)
470 where lemma-sn-app-aux; : V {M NP} >sn (M- N) > M>BP>snP
471 lemma-sn-app-aux; (def MN>P=-snP) M>P = proj; (inv-app-lemma (MN->P=-snP
o (ctx-1 M>P)))
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472 lemma-sn-app-auxg : V {M NP} >sn (M - N) > N->F P ~>snP
473 lemma-sn-app-auxs (def MN>P=-snP) N>P = projs (inv-app-lemma (MN>P=-snP
—  (ctx-r N»P)))

474

475 —— Lemma 10 (Weak head expansion)

476

a7 wkh-exp-a : V{MNxQ}>snN>snQ>Q~aM[x:=NJ~>»>sn(XxM-N)

478

ar9 wkh-exp-a-aux : V{M x NPQ}>snN>snQ>Q~aM[x:=NJ]>XxM:- N>
-~ P->snP

480 wkh-exp-a-aux snN snQ Q"M[N/x] (ctxinj >B) = sn-a Q"M[N/x] snQ

481 Wkh-exp-a-aux _ _ _ (ctx-1 (ctxinj )))

as2 wkh-exp-a-aux {_3}{x} snN (def hi) Q"M[N/x] (ctx-1l (ctxX M>M')) =
483 let _ , MIN/x]»R , R™M'[N/x] = subst-compat>f M>M'

484 _, @S , R'S = conflo=p (~c Q"M[N/x]) M[N/x]-R

485 in wkh-exp-a snN (hi Q»S) (~t (~c R”S) R™M'[N/x1)

486 wkh-exp-a-aux {M}{x} (def hi) snQ Q"M[N/x] (ctx-r N>N') = wkh-exp-o (hi N>N')
— (multistep (subst-compat x M N»N') (sn-a Q"M[N/x] snQ)) ~¢

487

488 wkh-exp-a snN snQ Q"M[N/x] = def X XxMN>Q - wkh-exp-a-aux snN snQ Q"M[N/x]
o XxMN>Q

489

400 wkh-exp : V{MNx}>snN->sn M[x:=N1)>sn (XxM-N)

101 wkh-exp snN snM[N/x] = wkh-exp-a snN snM[N/x] ~p

492

193 —— Lemma 11

494

495 closure>Ne : V {R R' x} >wne x R>R > R' > wne x R'

196 closure>Ne var (ctxinj ())

197 closure>Ne (app ()) (ctxinj >B)

198 closure»Ne (app Rene) (ctx-1 R>P) = app (closure»Ne Rene R->P)

199 closure»Ne (app Rene) (ctx-r {_}_}P} N»P) = app RE€ne

500

so1 closure‘Ne : V {R N x} >wne xR>snR-=>snN>sn (R - N)

502

503 closure-Ne-aux : V{RNQx} >wnexR>snR>snN>R - N>3Q~>snQ

so4 closure-Ne-aux () snR snN (ctxinj >fB)
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505

506

507

508

509

510

514

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

closure-Ne-

aux neR (def R>P=-snP) snN (ctx-1l R»R') = closure-Ne (closure-Ne

< neR R*>R') (R>P=-snP R>R') snN

closure-Ne-

aux neR snR (def N»P=-snP) (ctx-r N»N') = closure-Ne neR snR

< (N»>P=snP N>N")

-- closure-

closure-Ne

Ne :
Rene Resn Nesn =

V{RN}>neR=>snR->snN-=>sn (R - N)
def X\ RN»Q » closure-Ne-aux R€ne Resn N&sn RN>Q

-- Lemma 12 (Confluence)

abs-snred-X : V {x MP} > X xM=>sn P > «

abs-snred-X (oasn XxM>P _) =

confluence
= = Q)
confluence
confluence
- X :=N
confluence
confluence
— (M [ x
confluence
confluence
confluence
confluence
| inj:
| inj2
confluence
<, appl
confluence
| inJ;
| inj2
let T ,

abs-snred-x XxM->P

:V{MNN3I>M>sn N>M>B N >N~ N W3 NQ>N >snQxN
(B ) (ctxinj pf) = inji ~p

{X x M - N} (B Nesn) (ctx-1 (ctxXx {._}{._XM'} M>M')) = injy (M' [
1, BNesn , —2=—3% (projs (subst-compat>f M>M')))

(B o) (etx-1 (ctxinj ))

{X x M - N} (B (def N>N'=Nesn)) (ctx-r .{_I{._¥N'} N>N') = injo
:=N'" 1, B (N>N'=>N&sn N»>N') , subst-compat x M N>N')

(appl (asn AxM>P _)) (ctxinj >B) = a-elim (abs-snred-X AxM->P)
(appl (appl _)) (ctxinj ())

(appl (B D)) (ctxinj ()

{M - N} (appl M»>snM') (ctx-1 M>My) with confluence M>snM' M>M,
M'~My = inj; (~- M'~My ~p)

(P, Mg»snP , M'>*%P) = injy (P - N, appl My»snP , app-star-1 M'->%P)
{M - N}M' NI{M - N'} (appl M»snM') (ctx-r N»N') = injo (M'" - N'
M>snM' | just (app-step-r (inj; N>N')))

(asn M>N N~P) M>Q with confluence M>N M»>Q

N~Q = inj; (~1 (~oc N~P) N~Q)

(S, @S, N»*S) =
P>*xT , S~T = confla—» N~P N>xS

in injg (T , (asn Q»S S~T) , P>xT)

-— Lemma 13
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536

537

538

539

540

541

542

543

553

554

555

556

557

558

559

560

561

562

563

backward»sn-aux : V {M NM'} >sn M>snN>M>sn M >sn (M - N)>sn (M- N)

backward»sn-aux' : V{MNM' Q} > M- N> Q>snM>snN->M->snM > sn (M
—~ -~ N)~>snQ
backward»sn-aux' (ctxinj of) _ _ (asn AxM>P _) _ = a-elim (abs-snred-X AxM>P)
backward>sn-aux' {.M} {.N} (ctx-1 {M} {M''} {N} M>M'"') (def M>Q=-Q€sn) Nesn
< M»snM' M'Nesn with confluence M»snM' M>M''
| inj3 M'~M'" = sn-a (~: M'~M'" ~p) M'NEsn
| injo (P , M''»snP , M'»>xP) = backward»sn-aux (M>Q=-Qcsn M>M'') Ne&sn
< M''s>snP (multistep (app-star-1 M'»xP) M'Nesn )
backward»sn-aux' {_}N}M'} (ctx-r {_FH{_F}{N'} N>N') Mesn (def N>Q=-Q€csn)
< M»>snM' (def M'N»>Q=-Q€sn) =
backward>sn-aux Mesn (N»>Q=-Qesn N>N') M»>snM' (M'N>Q=-Q&sn (ctx-r N>N'))

-- backward»sn-aux : YV {M NM'} > sn M>sn N>M->sn M > sn (M - N) >sn (M
- - N)

backward»sn-aux Mesn NeSn M»snM' M'Nesn = def X\ MN»Q - backward>sn-aux' MN-=Q
— Mesn NeSn M»snM' M'Nesn

backward»sn : V {M M'} > M >sn M' > sn M' > sn M

backward»sn (asn M>N N~P) Pesn = backward»sn M>N (sn-o (~c N~P) Pe&sn)
backward=>sn (B Nesn) M[x=N]€sn = wkh-exp Nesn M[x=N]€sn

backward»sn {M - N} {M' - .N} (appl M>M') M'Nesn = let snM' , snN =

< inv-app-lemma M'N&sn

in backward»sn-aux
< (backward»sn M»>M' snM')
< snN M>M' M'Nesn

-- Lemma 14

lemma-ne : V {M x} > SNe x M > wne x M
lemma-ne v = var
lemma-ne (app M€ne _) = app (lemma-ne Mé&ne)

-- Theorem 1

sound-SN  : V {M} > SN M > sn M
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564

565

566

567

568

569

570

571

572

574

581

582

583

584

594

595

596

597

sound-SNe : V {M x} > SNe x M > sn M
sound>SN  : V {M N} > M >SN N> M »sn N
-- sound-SN : V {M} > SN M > sn M

sound-SN (sne x) = sound-SNe X

sound-SN (abs x) = lemma-sn-X (sound-SN x)

sound-SN (exp M>N NeSn) = backward»sn (sound>SN M>N) (sound-SN N&Sn)

-- sound-SNe : V {M} > SNe M » sn M

sound-SNe v = lemma-sn-v

sound-SNe (app MeSNe NeSn) = closure-Ne (lemma-ne MeSNe) (sound-SNe M&SNe)

< (sound-SN N&Sn)

-- sound»SN : V {M N} > M >SN N> M >sn N

sound>SN (asn M>N N~P) = asn (sound>SN M>N) N~P
sound>SN (8 MeSn) = [ (sound-SN MeSn)

sound>SN (appl M>M') = appl (sound>SN M>M")

End of SoundnessSN.agda

module StrongNormalizationA where

open import SoundnessSN

open import Term

open import Chi

open import Substitution

open import Data.Sum

open import Data.Product hiding (%)
open import Beta

open import Alpha

open import SubstitutionLemmas

open import ListProperties

open import Relation using (just; trans)
open import Unary

open import Typelemmas

open import SubstitutionCompatibilitylLemmas
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s08 open import Data.Nat hiding (_*_)

599 open import Relation.Binary.PropositionalEquality renaming (trans to trans=)

600 open import Induction.WellFounded

601 open import Data.Unit hiding (_21)

602 open import Data.Empty

603 open import Relation.Nullary

604 open import Induction.Nat

605 open import Data.Nat.Properties

606 open import Relation.Binary hiding (_=_)

607 open import Algebra.Structures

608

609 —— Well-foundness proofs

610

611 open Lexicographic _,<T_ (\ _mn > m <’ n) renaming (_<_ to _,,n<_ ;
< well-founded to wf})

612

613 Wf,r,n< : Well-founded _,,N<_

614 WPy, n< = wfX wf, <™ <-well-founded

615

616 —— Definitions

617

61s height> : V {M N} > M>SNN>N

619 heightNe : V {M x} » SNe x M » N

620 height :V{M}>SNM->N

621

622 height> (B NJJ) = suc (height NJ})

623 height> (appl M>N) = suc (height> M>N)

624 height> (asn M>N N~P) = suc (height> M»>N)

625

626 heightNe v = 0@

627 heightNe (app M N{) = suc (heightNe M| LI height N{)

628

620 height (abs M|) = suc (height M{})

630 height (sne M|l) = suc (heightNe M|)

631  height (exp M>N N|) = suc (height> M>N LI height NJ)

632

633 —— Auxiliary lemmas
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634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

654

655

656

657

658

659

660

661

662

663

664

665

666

m<’mn+1 : YV mn->m<’ suc (m LU n)
m<’mn+l mn = s<’s (=<7 (m<mUn m n))

LI-comm = IsCommutativeMonoid.comm
— (IsCommutativeSemiringWithoutOne.+-isCommutativeMonoid

< U-M-0-isCommutativeSemiringWithoutOne)

m<’nm+1 : Vmn->m<’ suc (n U m
m<’nUm+1 m n with n U m | Ll-comm n m

m<’nlm+1l mn | .(m U n) | refl = m<mn+1 m n

>SNC»a : V {M N} > M >SN N~>M->ax N

>SNC»a (B _) = just (inji (ctxinj >B))

>SNC~»a (appl M>M') = app-star-1 (»SNC->a M>M")

>SNC»a (asn M>N N~P) = trans (®SNC=>a M>N) (just (injs N~P))

lemmac| : V{c ' APQ}»c: T ~A|P-Q>@:T—=A|P)x(c:

> ALQ
lemmac|- o|PQ = (A x*P > o|PQ (*-1 x*P)) , (A x*Q > o|PQ (*-r x*Q))

==o : V{MN}>M=N>M~aN
==a {M} M=N = substy _~a_ refl M=N (~p {M})

invol<+ : V{oc X MP} > x #P > (6 <+ (x , M)) = o | P
invol=<+ {o} {x} {M} {P} x#P = ~xp , aux
where aux : (y : V) » y* P> (c <+ (x,M)y=o0cy
aux y yxP withx;y
| no _ = refl

aux .x x*P | yes refl = q-elim (lemma-free>-# x*P x#P)

weaken-dom : V{x Mo ' A} > : T A | M>0: T =~A]XxM
weaken-dom {x} {M} {c} {I'} {A} o|M = X y*M > aux y*M
where aux : V{xy}>y*XxM=>p:yel)>Atocy:T p
aux {x} {y} (*x xx*M _) yel withy;x
| no _ = o|M x*M yel
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667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

aux {x} {.x} (*Xx _ x#x) _ | yes refl = a-elim (x#x refl)

-- Main lemma

SN-lemma : V {M I' o B N}

> (M) : SN M)

> Acc _,;,n<_ (B , height M|)

>I'EFM: a

> SN N

> (V{xocA}>oc: "' = A | M>Unaryc x N>T Fvx:

f—»O))
x (@AXNy»>a=p—y)>THFN:

SN-lemma»> : V{MNoc ' A a P x}

> (M>N : M >SN N)

> Acc _,;,n<_ (B, height> M>N)
>I'FM: a

> SN P

c: I —=~A|M

> Unary o x P

'vx:p

(M e g) >SN (N e 0)

v

v

v

SN-lemmaNe : V {M I" o B y N}

> (M| : SNe y M)
> Acc _;,n<_ (B , heightNe M|)

>I'EFM: «a
> SN N
> (V{xocA}>oc:I'" =~A | M>Unaryc x N>TF v x:

B>SNM - N)

~ eo)x (yZx=>3IXNz>SNez (Me 5)))

x (AXNy~»a=p —yv)>IFN:

B>SNM-N))

B >SN (Me

B> SN (M

SN-lemma> {_} {_} {0} {I'} {A} {0} {B} (asn M>N N~P) (acc hi) M:A P| o|M Unyc

—

le

—

x:B =

t Mo»No = SN-lemma> M>N (hi (B , height> M>N) (right <’-refl)) M:A P| oM

Unyc x:B
No~Pc = ==-a (lemmaM~M'->Mc=M'c N~P)
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700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

719

720

721

722

723

724

725

726

727

in asn Mo»No No~Pc
SN-lemma> {X y M - N} {_} {o} {I'} {A} {o} {B} {3 {x} (B Ny (acc hi) (- _
< N:y) Py o|XyMN Unyc x:B =
let z : V
z=yx(c, XxyM
oIN: o : I = A |N
o|N = projs (lemmac|: o|XyMN)
Noll : SN (N e o)
Noll = proji (SN-lemma N{ (hi (B , height N{) (right <’-refl)) N:y P|)
< o|N Unyo x:B

Mo,x=z,z=Nc"Mx=Nc : (M e 6 <+ (y , v z)) e1 <+ (z , Ne o) ~au (M e
L=ty , N eo
Mo, x=z,z=Nc"Mx=No = lemma~ce (y-lemma2 o (X y M))
in asn (B No|l) Mo,x=z,z=Noc"Mx=No
SN-lemma> {L - J} {L' - .J} {o} {I'} {A} {_} {B} (appl L»L') (acc hi) (F- L:y
< _) Py o|LT Unyo x:B =
letolL: 0o : T = A |L
o|lL = proji; (lemmac|- o|LJ)
Lo»L'c = SN-lemma> L»L' (hi (B , height> L»L') (right <’-refl)) L:y PJ
< oL Unyc x:B
in appl Lo»L'c

SN-lemmaNe .{v y} {I'} {_} {B} {.y} {N} (v {y}) _ _ N} = thesis; , X _ _ > sne
— (app v NJ)
where thesis; : V{xoc A}»>oc: T = A | (vy)>Unaryc x N>TFvx:B
—» >SN (vyeo)x (yZx>dXNz>SNez(vy e o))
thesis; {x} {0} _ Unyoc _
| no y#x with o y | (projs Unyo) y#x
| .(vz)|isv{z}=snev, N\_~>2z,V

. ?
with y = x

thesis; {.y} {0} _ Unyoc _ | yes refl with o y | proj; Unyo
| .N | refl =N , N\ y#x » «a-elim (y#x refl)
SN-lemmaNe {P - Q} {I'} {_} {B} {.y} {N} (app {y} PJ Qi) (acc hi) (- {y} {e}
- P:y»e Q:y) NJ =
thesis; , N\ _ _ > sne (app (app PJ Qi) N|)
where

thesis; : V{xc A}>oc: ' =~ A|P-Q>UnarycxN>T"Fvx:B
- >SN((P - -Qeo) x (yZx>3IXNz>SNez (P -Qeo))
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728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

751

752

753

754

755

756

757

758

759

thesis; {x} {o} {A} o|PQ Unyc x:B with y L x
| no y#x =
let m , n = heightNe P|l , height Q|
olP:o:I"—=~A|P
G|P = X\ y*P > o|PQ (*-1 y*P)
Poll : 39Xz ~>SNe z (P e o)
Pol} = projo (proji (SN-lemmaNe P} (hi (B , m) (right (m<’mUn+1 m
< n))) P:y»e N|J) o|P Unyoc x:B) y#x
olQ:o: T = A |Q
clQ = X\ y*Q » o|PQ (*x'r y*Q)
Qoll : SN (Q e ©)
Qoll = proji (SN-lemma Q| (hi (B , n) (right (m<’nUm+1 n m))) Q:y
< N|) o|Q Unyc x:B
PQolly = app (projz Pol) Qoll
in sne PQolly , N _ » (proji Pol , PQoly)
thesisy {.y} {o} {A} o|PQ Unyc y:B | yes refl =
let m , n = heightNe P| , height Q|
olP:o: T =~ A|P
o|lP = X yxP > o|PQ (*-1 y*P)
Poll : SN (P e o)
Poll = proji (proji (SN-lemmaNe P{ (hi (B , m) (right (m<’mlLn+1 m
< n))) P:y»e N|J) o|P Unyoc y:B)
ol : o : T —=A|Q
clQ = X\ y*xQ » o|PQ (*'r y*Q)
Qoll : SN (Q e ©)
Qoll = proj; (SN-lemma Q| (hi (B , n) (right (m<’nUm+1 n m))) Q:y
< N|) o|Q Unyoc y:B
Po:y»e : AFPeoc:y—c¢
Po:y»e = lemmaloM P:y»e o|P
Qo:y : AFQeo : y
Qo:y = lemmatoM Q:y olQ
y<B : y <" B
y<B = lemma-,< (lemma-ne P{) y:B P:y»¢
in projs (SN-lemma Poll (hi (y , height Pol}) (left y<B)) Po:y»e Qol))
< (g, refl) Qo:y , N\ y#x » a-elim (y#x refl)

SN-lemma {f§ = B} (sne M|) (acc hi) M:a N| =
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761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

7T

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

let thy , tho = SN-lemmaNe M| (hi (B , heightNe M|) (right <’-refl)) M:a N|
in (A p1 p2 p3 » proji (thy p1 p2 p3)) , thy
SN-lemma {X y P} {I'} {8 — €} {B} {N} (abs P{) (acc hi) (FX P:&) NJ = thesis;
, thesisy P:¢
where thesis; : V{xoc A}Y>oc : ' =~ A | XyP->UnaryocoxN>T'Fvx:B
- >SN (XyPeo)
thesis; {x} {o} {A} o|XyP Unyc x:B with y L x

| no y#x =

let z : V

z=y%(,RXyP)

o,y=z|P : (e =+ (y , vz)) : (I',y :8) —~A,z:03)|FP
o,y=z|P = lemmaaux— (x-lemma2 o (X y P)) o|XyP

Unyc,y=z : Unary (c <+ (y , v z)) x N

Unyo,y=z = unary<+# y#x Unyoc

x:B'" : ',y : 8dFvx:B

x:B' = lemmaWeakeninghH# (#v (sym# y#x)) x:B

Po,y=zll : SN (P e (o <+ (y , VvV 2)))

Po,y=zl = proji (SN-lemma P{ (hi (B , height P|) (right

— <’-refl)) P:e N|) o,y=z|P Unyo,y=z x:B'

in abs Po,y=zl|
thesisy {.y} {0} {A} o|XyP Unyc y:B | yes refl =

let z : V
z=y(c, XyP)
u: Vv
u=yx (0, P)
w:V
W=y (c <+ (y,vz), xuP)

o,y=z|P : (o =+ (y , vz)) : I,y :8) —~(A,z:03)|FP
o,y=z|P = lemmaaux— (x-lemma2 o (X y P)) o|XyP

o,y=z|XuP : (c <+ (y ,vz)): T ,y:8) —~~A,z:3]|XuP
o,y=z|XuP = weaken-dom o,y=z|P

GIP : (o =+ (y,vz)y<t@@,vw): T,y:8,u:B) — (A
- ,z:0,w:B)|P

o|P = lemmaaux— (y-lemma2 (o <+ (y , v z2)) (X u P)) o,y=z|XxuP
Unyo,y=z,u=w : Unary (6 <+ (y , v z) <+ (u, vw)u(vw
Unyoc,y=z,u=w = unaryv (unary<+= Unyo)

u:B: I' , y:8,u:BkFvu:B
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793 u:B = Fv (here refl)

794 u#P : u # P

795 u#P = lemmaM~N# (~c lemmael) u (lemmafree#># (yx-lemma2 1 P))

796 P:e! : ", y:8,u:BFP:¢

797 P:e' = lemmaWeakeningH# u#P P:e

798 Po,y=z,u=w{} : SN (P e (o6 <+ (y , v z) <+ (u, v w)))

799 Po,y=z,u=w| = proj; (SN-lemma P{ (hi (B , height P{) (right
« <’-refl)) P:e' (sne v)) o|P Unyo,y=z,u=w u:B

800 o,y=z,u=w=0,y=z : (0 <+ (y , vz) <+ (U, vw)=Zoc<+((y, vV
— z) | P

801 0,Y=Z,U=W=0,y=z = invol<+ u#P

802 Po,y=zll : SN (P e (o <+ (y , Vv 2)))

803 Po,y=zll = subst SN (lemma-subst-c= o,y=z,u=w=c,y=z) Po,y=z,u=wl

804 in abs Po,y=zl

805 thesisy : V{0e}>1,y:0FP:e>(dJXNy>8 —e=B —y) >

& TTEFN:B>SNXyP-N

806 thesisy {.B} {.y} P:y (y , refl) N:B =

807 let y=NIP : W <+ (y ,N)) : ",y :B) =T 1P

808 y=N|P = lemma— (lemmai<+— N:B)

809 Unyy=N : Unary (v <+ (y , N)) y N

810 Unyy=N = unary

811 I'y:BFy:B : " , y : BFvy:B

812 I',y:BFy:B = Fv (here refl)

813 Py=N|} = proji (SN-lemma P{ (hi (B , height P{) (right <’-refl))
— P:y NJ) y=N|P Unyy=N I',y:BFy:B

814 in exp (B N|) Py=N|

s15 SN-lemma {M} {I'} {0} {B} {P} (exp {.M} {N} M>N N{) (acc hi) M:a P| = thesis; ,

< thesisy

816 where m = height> M>N

817 n = height N

818 M>aN : M »ax N

819 M>oN = >SNC->o M>N

820 N:aw : "N : «

821 N:oo = lemmab»o* M:o M>oN

822 thesis; : V{xc A}y»o : ' = A | M>Unaryco xP->TFvx:B>SN

-~ (Me o)
823 thesisy {x} {c} {A} o|M Unyc x:B =
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824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

SN-theo :

SN-theo
SN-theo

let Mo»No = SN-lemma> M>N (hi (B , m) (right (m<’miin+1 m n))) M:a P
< o|M Unyoc x:B
oiIN:o: I =~ AN
oIN = X y*N > o|M ((dual-#-* lemma-ax#) y*N M>oN)
Noll : SN (N e o)
Noll = proji; (SN-lemma N{ (hi (B , n) (right (m<’nUm+1 n m))) N:a
- P|) o|N Unyc x:B
in exp Mo»No Nol
thesiso : (AXNy>a=B —y)>TFP:B>SNM - P)
thesiss a=f~>y P:B =
let NP = projs (SN-lemma N{ (hi (B , n) (right (m<’nUm+1 n m)))
— N:a P) a=f~>y P:B
in exp (appl M>N) NPJ

V{I'Ma}>T"FM: a>SNM
(Fv ) = sne v

(F- {a} {B} {M} M:o>f N:a) =

let M|} = SN-theo M:o>f
in projs (SN-lemma M| (wf,,ny< (a , height M|)) M:o> (SN-theo N:a)) (B ,
< refl) N:a

SN-theo

-- Main

sn-theo

(FX M:a) = abs (SN-theo M:a)

theorem
V{I'Ma}» T FM: a>snM

sn-theo M:o = sound-SN (SN-theo M:o)

End of StrongNormalization.agda
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