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Proximal regularization for the saddle point gradient
dynamics

Diego Goldsztajn and Fernando Paganini Fellow, IEEE,

Abstract—This paper concerns the solution of a convex opti-
mization problem through the saddle point gradient dynamics.
Instead of using the standard Lagrangian as is classical in this
method, we consider a regularized Lagrangian obtained through
a proximal minimization step. We show that, without assumptions
of smoothness or strict convexity in the original problem, the reg-
ularized Lagrangian is smooth and leads to globally convergent
saddle point dynamics. The method is demonstrated through an
application to resource allocation in cloud computing.

Index Terms—Convex optimization, proximal method, saddle
point dynamics.

I. INTRODUCTION

This paper concerns a classical method in mathematical
optimization: given a convex-concave function of two vector
variables, the dynamic rule that moves each variable respec-
tively against or along the corresponding gradient. Conditions
for the convergence of such dynamics to a saddle point were
given in the monograph [1]. The primary motivation comes
from distributed solutions to convex optimization problems,
where the function in question is a Lagrangian; in this context
it is called primal-dual gradient dynamics.

From its origins in economic theory, the method came more
recently into the forefront in the context of resource allocation
for communication networks [13], [25], [29]. Since then, a
very active community has further investigated these dynamics
with more advanced tools of control theory.

One line of inquiry concerns the rigorous treatment of
discontinuous projections that arise when variable domains
are subject to hard constraints, as happens with the dual
variables of inequality constrained convex programs. Particu-
larly challenging are LaSalle invariance results in this context.
Overcoming limitations of the analysis in [13], it was shown
in [6] how the results follow from the theory of projected
dynamical systems [18]. More recent studies that incorporate
other forms of non-smoothness are given in [9], [19].

Another subject of analysis has been the relationship be-
tween the degree of convexity or concavity of the function in
question, and the achievable convergence. The global asymp-
totic stability results of [1] required strict convexity in at least
one of the variables; otherwise, oscillatory behavior can be
observed [13], [15]. It was shown recently in [7] that local,
strong convexity or concavity suffice for asymptotic stability.
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Under global strong convexity of the optimization objective,
exponential stability results can be established [19], [22].

A technique of widespread use is regularization, which
refers to adding penalty terms to the objective function. In
[1], [13] such terms were included to obtain strict convexity,
without modifying the optimum. A related development are
proximal methods [5], [21], based on minimization steps with
a quadratic penalty on deviations. The recent paper [10] com-
bines proximal methods with the saddle point dynamics, for
problems involving a composite smooth/non-smooth objective
and linear equality constraints. Tikhonov-type regularizations
are another alternative, explored in [26].

In this paper we combine proximal methods with the saddle
point dynamics, treating the very general situation of a con-
vex optimization problem, not necessarily smooth or strictly
convex, and with inequality constraints. Through a penalty on
deviations in the primal variable, and partial minimization, we
obtain a reduced Lagrangian which is proved to be smooth and
to always generate convergent saddle point dynamics, which
often lead to distributed solutions to the optimization problem.
The convergence results are attained even though the reduced
Lagrangian is in general not strictly convex or concave; this
requires different techniques than those in the literature.

The paper is organized as follows. We end this section with
a more precise background review. In Section II we introduce
our problem and carry out the proximal regularization, estab-
lishing the properties of the reduced Lagrangian. The saddle
point dynamics for this object are analyzed in Section III.
In Section IV we apply this method to a resource allocation
problem in cloud computing. Conclusions are provided in
Section V and one proof is deferred to the Appendix.

A. Background and prior work

Here we provide a compact review of the most relevant
literature. Consider first the equality constrained optimization

min
x
f(x), subject to g(x) = 0, (1)

where f : Rn −→ R is a differentiable and convex function,
and the linear constraints g : Rn −→ R

m are independent.
Assuming the corresponding Lagrangian

L0(x, ν) = f(x) + νT g(x) (2)

has a saddle point (x̂, ν̂), the saddle point gradient dynamics

ẋ = −∂L0

∂x
, ν̇ =

∂L0

∂ν
,

are such that the Euclidean distance ‖x−x̂‖2 + ‖ν−ν̂‖2 is non-
increasing along trajectories [1]. If f(x) is also strictly convex,
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asymptotic stability of the saddle point (unique in this case)
follows by a LaSalle argument. Assuming strong convexity of
f , exponential stability is established in [22].

An alternative from [9] is to apply the saddle point dynamics
to the regularized augmented Lagrangian1

Lµ(x, ν) = f(x) + νT g(x) +
1

2µ
‖g(x)‖2, (3)

used in the “Method of Multipliers” [3]; exponential stability
results are given for strongly convex f .

Recently, [10] considered the augmented Lagrangian when
the objective f is not smooth in all its variables: namely,
f(x) = f1(x1) + f2(x2) where x = (x1, x2) and only f1

is differentiable. Let g(x) = Ax1 − x2, minimizing Lµ with
respect to x2 leads to a reduced Lagrangian in (x1, ν) which
is termed the Proximal Augmented Lagrangian; applying the
saddle point dynamics to this object yields convergence. If f1

is strongly convex exponential convergence holds [11].
The situation is more difficult when convex inequality

constraints of the form g(x) ≤ 0 are introduced. In this
case the corresponding multipliers in (2) are constrained to
the positive orthant {ν ≥ 0}. Let [β]+ν := β if ν > 0 and
[β]+ν := max{β, 0} otherwise. The saddle point dynamics are
typically modified by a positive projection of this kind:

ν̇j =

[
∂L0

∂νj

]+

νj

.

In these cases the saddle point dynamics have a discon-
tinuous right-hand side, so non-trivial difficulties arise in their
solution. In [6] a LaSalle invariance principle for Carathéodory
solutions is applied to prove asymptotic stability, for a strictly
convex objective. Alternatively, [9] uses the augmented La-
grangian with an additional penalty for inequality constraints,
to obtain a strict Lyapunov function. Yet another regularized
Lagrangian which avoids discontinuous projections and may
achieve exponential stability is introduced in [22].

Other related work in this very active topic is to consider
input-to-state stability in saddle point dynamics with injected
noise [7], [24]. The connection of Robust optimization with
these methods was recently considered in [12]. The approach
of [10] was extended in [8] to an online tracking problem in the
presence of disturbances. Another feedback-based application
of the primal-dual dynamics is covered in [4].

II. PROBLEM FORMULATION AND REGULARIZATION

Consider the general convex optimization problem

minimize
x

f(x), subject to g(x) ≤ 0. (4)

� f : Rn −→ R is convex, proper and closed (lower
semi-continuous), see [23]. With f taking values on the
extended real line R = R∪{∞} we may encode general
convex constraints. We assume that f is continuous on
its effective domain (the set where it is finite), but we do
not assume differentiability or strict convexity.

� g : Rn −→ Rm has convex (finite valued) components.

1May be interpreted as adding integral action to the control [27].

Under these very general conditions, we will develop a proce-
dure for solving (4), based on saddle point gradient dynamics
whose trajectories converge to an optimal solution.

Remark 1: For simplicity we have only included inequality
constraints in (4); as mentioned these are the most difficult to
handle. The results in this paper extend to the situation where,
in addition, there are linear equality constraints with associated
multipliers. We reiterate that implicit constraints may also be
encoded in the objective function.

Let us introduce a regularization, adding a quadratic term
to the cost and incorporating a proximal variable z:

minimize
x,z

f(x) +
1

2
||x− z||2 , subject to g(x) ≤ 0. (5)

Clearly, the two problems are equivalent. Specifically, they
have the same infimum, and x̂ is optimal for (4) if and only
if (x̂, ẑ) is optimal for (5) with x̂ = ẑ.

Introducing the dual variable ν, we may write the La-
grangian L : Rn ×Rn ×Rm −→ R for problem (5):

L(x, z, ν) = f(x) + νᵀg(x) +
1

2
||x− z||2 . (6)

Note that we have not imposed yet any sign restrictions on ν.
One may consider applying the saddle point dynamics to

the above Lagrangian. However, this would require dealing
with the possibly non-smooth nature of f and g, as well
as constraints in x implicit in f . Instead, we will attain
smoothness by reducing the Lagrangian, as follows.

Definition 1: The function L̄ : Rn ×Rm −→ R such that

L̄(z, ν) = min
x

{
f(x) + νᵀg(x) +

1

2
||x− z||2

}
.

is the reduced Lagrangian of (5).
For each fixed (z, ν) ∈ Rm ×Rn, the minimized function

above is strongly convex in x, so it has a unique minimizer

x̄(z, ν) := argmin
x

L(x, z, ν). (7)

Assume momentarily that ν = ν0 is fixed. Then the mapping
z 7→ x̄(z, ν0) is the proximal mapping [2] associated with the
function f(x) + νT0 g(x), which is non-expansive:

||x̄(z, ν0)− x̄(z′, ν0)|| ≤ ||z − z′|| .

Also, the reduced Lagrangian L̄(z, ν0) is the Moreau-Yosida
regularization [21] of f(x)+νT0 g(x). In particular, it is convex
and differentiable in z, with gradient

∂L̄

∂z
(z, ν0) = z − x̄(z, ν0). (8)

In what follows we will need to strengthen these properties
of x̄(z, ν) and L̄(z, ν) to cover the case of simultaneous
variation in (z, ν). Our first result of this kind is now stated;
its proof is given in the Appendix.

Proposition 1: x̄ : Rn ×Rm −→ Rn is a locally Lipschitz
continuous function of the variables (z, ν).

Focusing now on the reduced Lagrangian, the main result of
this section is that it is smooth, over the unrestricted variables
(z, ν) ∈ Rn ×Rm, with locally Lipschitz gradients.
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Theorem 2: L̄ is convex in z, concave in ν, and continuously
differentiable on Rn×Rm, with locally Lipschitz gradients:

∂L̄

∂z
(z, ν) = z − x̄(z, ν) ∀ (z, ν) ∈ Rm ×Rn, (9a)

∂L̄

∂ν
(z, ν) = g (x̄(z, ν)) ∀ (z, ν) ∈ Rm ×Rn. (9b)

The proof relies on Danskin’s theorem. We state the follow-
ing version adapted from [3].

Lemma 3: Consider a continuous φ : K×Rm −→ R, where
K ⊂ Rn is compact. Assume φ(x, ν) is convex in ν, and that
its gradient with respect to ν exists in K ×Rm. Define

ϕ(ν) = max
x∈K

φ(x, ν).

Then the subgradient of ϕ at ν = ν0 is the convex hull

∂ϕ(ν0) = conv

{
∂φ

∂ν
(x, ν0) : x ∈ argmax

y∈K
φ(y, ν0)

}
. (10)

Proof of Theorem 2: Convexity in z and the expression
in (9a) follow results in [21], as already noted in equation (8).
Considering now variations in ν, for a fixed z = z0, we have

L̄(z0, ν) = min
x
L(x, z0, ν); (11)

minimum of linear functions of ν, therefore concave.
We will apply Danskin’s result to establish (9b). Fix a point

ν0 and the closed ball B := {ν : ‖ν − ν0‖ ≤ 1}. Define
K = x̄(z0, B), compact by the continuity of Proposition 1.

Consider φ(x, ν) := −L(x, z0, ν), which satisfies the hy-
potheses of Lemma 3 in K × Rm. Note that K ⊂ dom(f),
effective domain of the objective, hence φ is continuous as
required, and linear in ν, with ∂φ

∂ν = −g(x). Also, the set

argmax
x∈K

φ(x, ν0) = argmin
x∈K

L(x, z0, ν0) = {x̄(z0, ν0)},

a singleton. Thus, the subgradient in (10) is actually a gradient:

∂ϕ

∂ν
(ν0) = −g(x̄(z0, ν0)).

By construction, for ν ∈ B the minimum in (11) is achieved
within K, so L̄(z0, ν) = −ϕ(ν). This proves (9b) at ν = ν0.

Finally, from (9), the gradients of L̄ are locally Lipschitz:
indeed, g has this property because it is convex and takes finite
values, and so does x̄ by Proposition 1.

We have shown that L̄ is convex-concave, and differentiable
with locally Lipschitz gradients. It thus becomes natural to
apply the saddle point gradient dynamics to this well-behaved
function, in lieu of the Lagrangian (6).

Remark 2: In Section I we reviewed the “Proximal Aug-
mented Lagrangian” method of [10], which is also based on
partial minimization of a quadratically penalized Lagrangian.
As explained, their problem is narrower in scope, with a
specific form of the objective, and linear equality constraints;
also, in their case the square of the constraints is the penalty
function, as in the Method of Multipliers. Our regularization
has the precursor [17], for a network resource allocation
problem with differentiable objective, and linear inequality
constraints. Our analysis generalizes this procedure.

Before proceeding to the saddle point dynamics, we estab-
lish that this method actually solves the original problem. We
will use the following property of positive projections.

Lemma 4: For all ν, µ ∈ Rn+ and β ∈ Rn we have

(ν − µ)ᵀ
(

[β]
+
ν − β

)
≤ 0.

Proof: The vector [β]+ν has components [βi]
+
νi which only

differ from βi when βi < 0 and νi = 0, in this case [βi]
+
νi = 0.

Then (ν − µ)ᵀ([β]
+
ν − β) is the sum of µiβi over the indexes

i such that βi < 0 and νi = 0, which is non-positive.
Theorem 5: The following are equivalent and imply x̂ = ẑ.

(a) (x̂, ẑ, ν̂) is a saddle point of L over Rn × Rn × Rm+ ;
namely, minimum in (x, z) and maximum in ν.

(b) (ẑ, ν̂) is a saddle point of L̄ over Rn ×Rm+ ; minimum
in z and maximum in ν. Also, x̄(ẑ, ν̂) = x̂.

Proof: We prove first that (a) implies (b). Let (x̂, ẑ, ν̂) be
a saddle point of L, and note that in particular:

L(x̂, ẑ, ν̂) = min
x
L(x, ẑ, ν̂).

This proves that x̄(ẑ, ν̂) = x̂, which further implies that

L̄(ẑ, ν̂) = L(x̂, ẑ, ν̂) ≤ L(x̄(z, ν̂), z, ν̂) = L̄(z, ν̂) ∀ z ∈ Rn.

Also, since the saddle is maximizing in ν we have

L̄(ẑ, ν̂) = L(x̂, ẑ, ν̂) ≥ L(x̂, ẑ, ν) ≥ L̄(ẑ, ν) ∀ ν ∈ Rm+ .

Consequently, (ẑ, ν̂) is a saddle point of L̄.
We now show that (b) implies (a). Let x̂ := x̄(ẑ, ν̂). Then

L(x̂, ẑ, ν̂) = L̄(ẑ, ν̂) ≤ L̄(z, ν̂) ≤ L(x, z, ν̂),

which establishes the required minimum in (x, z) ∈ Rn×Rn.
For the maximum over ν, note first that since ν̂ maximizes

the concave differentiable function L̄(ẑ, · ) over the orthant
R
n
+, then for each coordinate i we have

either
∂L̄

∂νi
(ẑ, ν̂) = 0, or νi = 0,

∂L̄

∂νi
(ẑ, ν̂) < 0.

The preceding cases are summarized by the condition

[g(x̂)]
+
ν̂ =

[
∂L̄

∂ν
(ẑ, ν̂)

]+

ν̂

= 0,

where we have invoked the expression from Theorem 2 for
the gradient L̄, and x̄(ẑ, ν̂) = x̂. We now see that

(ν − ν̂)ᵀg(x̂) = (ν̂ − ν)ᵀ
(

[g(x̂)]
+
ν̂ − g(x̂)

)
≤ 0

for all ν ∈ Rn+ by Lemma 4. The maximizing part of the
condition in (a) now follows from

L(x̂, ẑ, ν) = L(x̂, ẑ, ν̂) + (ν − ν̂)ᵀg(x̂)

≤ L(x̂, ẑ, ν̂) ∀ ν ∈ Rm+ .

Finally, condition (a) implies x̂ = ẑ because the minimum of
the Lagrangian (6) clearly requires this.
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III. SADDLE POINT DYNAMICS

The preceding theorem tells us that it is enough to find the
saddle points of L̄ in order to solve problem (5). Since L̄ is
differentiable by Theorem 2, this may be achieved using the
following saddle point gradient dynamics:

ż = −∂L̄
∂z

(z, ν) = x̄(z, ν)− z, (12a)

ν̇ =

[
∂L̄

∂ν
(z, ν)

]+

ν

= [g(x̄(z, ν))]
+
ν . (12b)

Note that these are constrained to Rn × Rm+ due to the
positive projection in the last equation, designed to keep the
multiplier ν ≥ 0. It is easy to see that the equilibrium points
of (12) are exactly the saddle points of L̄. We will assume the
existence of at least one such saddle point.

While the computation of x̄(z, ν) itself involves an op-
timization problem, sometimes it has closed-form solution,
and often it can be solved in a distributed manner across
subsets of variables, each of small dimension. This primal-dual
decomposition enables the implemention of the dynamics (12)
by distributed control rules, as illustrated in the application
example of Section IV.

A. Background: Projected dynamics, LaSalle invariance

The precise treatment of the discontinuous projection (12b)
for saddle point dynamics was carried out in [6], based on the
theory of projected dynamical systems [18]. We will apply
the same method here, so we begin by stating the results that
follow with essentially no modification from [6]. Later on we
present our new contributions.

The first result refers to solutions in the Carathéodory sense:
i.e., absolutely continuous functions γ(t) = (z(t), ν(t)) such
that (12) holds at the (almost all) points of differentiability.

Proposition 6: There exists a unique solution γ(t) to (12)
for each initial condition (z0, ν0) ∈ Rn×Rm+ , and it is defined
on [0,∞). Also, if (zk, νk) → (z0, ν0) as k → ∞, then
the solutions γk(t), with initial condition (zk, νk), converge
uniformly over compact sets to γ(t).

The theory of projected dynamical systems [18] provides
this kind of result when the field inside the projection is glob-
ally Lipschitz. For locally Lipschitz saddle point dynamics,
as the ones we are considering, the corresponding extension
was provided in [6, Lemma 4.3]. Briefly: since the Euclidean
distance to a saddle point is non-increasing under the dynamics
(see below), one can define a modified, globally Lipschitz field
that is identical to the one in (12) over a compact ball, and
invoke results in [18].

The convergence of trajectories to a saddle point relies on
the LaSalle invariance principle. We will use the following
version from [6], restated below in our notation.

Proposition 7: Let K ⊂ R
n × Rm+ be a compact set,

invariant under (12), and assume that the following hold.
(a) For each (z, ν) ∈ K there exists a unique solution with

initial condition (z, ν), and its omega-limit is invariant.
(b) There exists V : Rn × Rm+ −→ R+, a continuously

differentiable function such that

V̇ (z, ν) := ∇V (z, ν)
[
∇L̄(z, ν)

]ᵀ ≤ 0 ∀ (z, ν) ∈ K;

note that if γ(t) is a solution of (12), then the derivative
of V (γ(t)), over time, is V̇ (γ(t)) almost everywhere.

Then any solution of (12), with initial condition in K, con-
verges to the largest invariant subset of

cl
{

(z, ν) ∈ K : V̇ (z, ν) = 0
}
.

Remark 3: Note that (a) holds by Proposition 6; the last
statement follows as in [16, Lemma 4.1] from the continuity
of solutions with respect to initial conditions.

B. Lyapunov function and negative drift

We introduce now, as is standard in this literature since [1],
the Lyapunov function V : Rn ×Rm −→ R+ given by

V (z, ν) =
1

2
||z − ẑ||2 +

1

2
||ν − ν̂||2 , (13)

where (ẑ, ν̂) is a given saddle point. The next fact is standard,
we present a proof for completeness and for future reference.

Proposition 8: Fix (z, ν) ∈ Rm ×Rn+ and let p = x̄(z, ν).

V̇ (z, ν) ≤ L̄(ẑ, ν)− L̄(ẑ, ν̂) + L̄(ẑ, ν̂)− L̄(z, ν̂)

+ (ν − ν̂)ᵀ
(

[g(p)]
+
ν − g(p)

)
≤ 0.

(14)

Proof: We compute:

V̇ (z, ν) =(ẑ − z)ᵀ ∂L̄
∂z

+ (ν − ν̂)ᵀ [g(p)]
+
ν

= (ẑ − z)ᵀ ∂L̄
∂z

+ (ν − ν̂)ᵀ
∂L̄

∂ν

+ (ν − ν̂)ᵀ
(

[g(p)]
+
ν − g(p)

)
.

Here the derivatives are evaluated at (z, ν). Using first order
convexity and concavity inequalities for L̄ we conclude that

V̇ (z, ν) ≤
[
L̄(ẑ, ν)− L̄(z, ν)

]
+
[
L̄(z, ν)− L̄(z, ν̂)

]
+ (ν − ν̂)ᵀ

(
[g(p)]

+
ν − g(p)

)
=
[
L̄(ẑ, ν)− L̄(ẑ, ν̂)

]
+
[
L̄(ẑ, ν̂)− L̄(z, ν̂)

]
+ (ν − ν̂)ᵀ

(
[g(p)]

+
ν − g(p)

)
. (15)

This proves the first inequality in (14). Moreover, the saddle
point condition and Lemma 4 imply each of the three terms
isolated in (15) are non-positive.

C. Invariant sets and convergence

The classical convergence theory for the saddle point dy-
namics requires strict convexity or concavity of the saddle
function, to apply the LaSalle invariance theory; a weakening
of these conditions to local ones was obtained in [7].

The main result of this section is that, under the general
conditions of the original convex program (not smooth, or
strictly convex), the proposed regularization yields globally
convergent saddle point dynamics. The following example
demonstrates that we cannot obtain the result from the standard
convergence theory.

Example 1: Consider the very simple, scalar linear program
minx, subject to 0 ≤ x ≤ 1. The standard Lagrangian is

L0(x, ν) = x− ν1x+ ν2(x− 1) = x(1− ν1 + ν2)− ν2,
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where we have introduced the multipliers ν = (ν1, ν2).
Applying the saddle point dynamics to this bilinear function
would give an oscillatory behavior (see [13], [15]).

Adding a regularization as in (6), gives

L(x, z, ν) = x(1− ν1 + ν2)− ν2 +
1

2
||x− z||2 ;

minimizing over x we obtain x̄(z, ν) = z + ν1 − ν2 − 1, and
the reduced Lagrangian

L̄(z, ν) = z(1− ν1 + ν2)− 1

2
(ν1 − ν2 − 1)2 − ν2.

This function is linear in z, so we have not gained strict con-
vexity in the primal variable. And, although there is a negative
quadratic term in ν, neither do we have strict concavity: the
function is linear along the line ν1 = ν2 + 1.

In the absence of strict convexity or concavity, we will
extend the LaSalle invariance argument by a careful considera-
tion of the proximal regularization. In particular, recalling that
the mapping z 7→ x̄(z, ν0) is the proximal mapping associated
with L0( · , ν0) = f( · ) +νT0 g( · ), we will use the fact [2] that
any fixed point of x̄( · , ν0) is a minimum of L0( · , ν0).

The key step is a characterization of the set

E :=
{

(z, ν) ∈ Rn ×Rm+ : V̇ (z, ν) = 0
}
. (16)

Theorem 9: If V̇ (z, ν) = 0 and ν ∈ Rm+ , then:

x̄(z, ν) = z, (17)
L̄(z, ν) = L̄(ẑ, ν̂). (18)

Proof: Let (z, ν) ∈ Rn ×Rm+ be such that V̇ (z, ν) = 0.
As before, we denote p = x̄(z, ν). Recalling (14) and its proof,
all three terms in (15) must be at equality:

L̄(ẑ, ν) = L̄(ẑ, ν̂), (19a)
L̄(z, ν̂) = L̄(ẑ, ν̂), (19b)

(ν − ν̂)ᵀ [g(p)]
+
ν = (ν − ν̂)ᵀg(p). (19c)

Claim I: x̄(z, ν̂) = z.

Since (ẑ, ν̂) is a saddle point of L̄, by Theorem 5 we have
ẑ = x̄(ẑ, ν̂), a fixed point of the proximal mapping associated
with h(z) := L0(z, ν̂). Hence, h(z) is minimized at ẑ:

L̄(ẑ, ν̂) = f(ẑ)+ν̂T g(ẑ) ≤ f(x)+ν̂T g(x) ∀ x ∈ Rn. (20)

Let q := x̄(z, ν̂). By definition and (19b) we have

L̄(ẑ, ν̂) = L̄(z, ν̂) = f(q) + ν̂T g(q) +
1

2
||q − z||2 ≥ L̄(ẑ, ν̂),

where the last inequality follows from (20). Therefore we must
have equality and q = z, as claimed.

Claim II: x̄(z, ν̂) = p.

The first order condition for convexity of L̄( · , ν) yields

L̄(ẑ, ν) ≥ L̄(z, ν) + (ẑ − z)ᵀ ∂L̄
∂z

(z, ν)

= L̄(z, ν) + (ẑ − z)ᵀ(z − p)

= f(p) + νᵀg(p) +
1

2
||p− z||2

+ (z − ẑ)ᵀ(p− z).

(21)

From equation (19c) we conclude that

0 = V̇ (z, ν) = (z − ẑ)ᵀ(p− z) + (ν − ν̂)ᵀ [g(p)]
+
ν

= (z − ẑ)ᵀ(p− z) + (ν − ν̂)ᵀg(p).
(22)

We may now substitute (z − ẑ)ᵀ(p − z) by (ν̂ − ν)ᵀg(p) in
equation (21), to get

L̄(ẑ, ν) ≥ f(p) + ν̂ᵀg(p) +
1

2
||p− z||2 .

Now (19a)-(19b) imply that

L̄(ẑ, ν) = L̄(z, ν̂) ≤ f(p) + ν̂ᵀg(p) +
1

2
||p− z||2 . (23)

Therefore there is equality above, and p is the minimizer, so
p = x̄(z, ν̂) as claimed.

Claims I and II jointly imply p = z (i.e., (17) holds). In
addition, returning to (23) with p = z, we see that

L̄(z, ν̂) = f(z) + ν̂ᵀg(z)

= f(z) + νᵀg(z) = L̄(z, ν),

where we have used (ν − ν̂)ᵀg(z) = 0 from (22) for p = z.
This establishes (18) due to (19b).

Proposition 10: Let I be an invariant subset of clE, closure
of the set in (16). All elements of I are equilibria of (12).

Proof: By Theorem 9 we know that

E ⊂ F :=
{

(z, ν) ∈ Rn ×Rm+ : (17) and (18) hold
}
.

The two conditions in the definition of F are continuous by
Proposition 1 and Theorem 2. Thus, F is a closed set, which
implies that clE ⊂ F , and therefore I ⊂ F .

Fix (z0, ν0) ∈ I and let γ : [0,∞) −→ I denote the
solution to (12) with initial condition (z0, ν0); we will use
the notation γ = (γz, γν). Since I ⊂ F we have:

(i) γz ≡ x̄(γ).
(ii) L̄(γ) ≡ L̄(ẑ, ν̂).

From (i) and (12a) we see that γ̇z ≡ 0, so γz ≡ z0. Also,

L̄(ẑ, ν̂) ≡ L̄(γ) ≡ f(γz) + γᵀν g(γz) ≡ f(z0) + γᵀν g(z0)

follows, invoking (i) for the second equality. Taking the
derivative with respect to t on both ends we get

0 ≡ g(z0)ᵀγ̇v = g(z0)ᵀ [g(z0)]
+
γν

=
∣∣∣∣∣∣[g(z0)]

+
γν

∣∣∣∣∣∣2 = ||γ̇ν ||2 .

Then γ̇ν ≡ 0, so (z0, ν0) is an equilibrium of (12).
We now state our main result, on convergence of the

solutions of the saddle point gradient dynamics.
Theorem 11: Each trajectory of (12) converges to an equi-

librium point, a saddle point of L̄.
Proof: Fix an initial condition (z0, ν0) ∈ Rn ×Rm+ and

the corresponding solution γ(t).
To apply the LaSalle invariance principle, we first identify

a suitable compact invariant set, invoking Proposition 8:

K =
{

(z, ν) ∈ Rn ×Rm+ : V (z, ν) ≤ V (z0, ν0)
}
.

Note that K satisfies all the requirements of Proposition 7.
Then γ(t) converges to M , maximal invariant subset of

cl
{

(z, ν) ∈ K : V̇ (z, ν) = 0
}
.
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This set is itself contained in clE; so by Proposition 10, M
consists exclusively of equilibrium points of (12).

It remains to prove that γ(t) converges to a single point in
M . Let Ω be the omega-limit set of γ, it is contained in K
and invariant; therefore by maximality we must have Ω ⊂M ,
in particular all points in Ω are equilibria of (12).

Suppose Ω contained two different points a 6= b, say
at Euclidean distance δ > 0. By definition of omega-limit,
there exists t0 such that the distance d(γ(t0), a) < δ/2. But
Proposition 8 implies this distance is non-increasing, so γ(t)
cannot accumulate in the other point b, a contradiction. Thus
Ω is a singleton, it consists of a single equilibrium of (12).

To summarize, we have shown that each solution of (12)
converges to a saddle point of L̄, which as shown in Section
II provides an optimal solution to Problem (5), and also the
original Problem (4). Given the weak convexity assumptions,
such solution is in general not unique; it is noteworthy that
the regularized dynamics always stabilizes one such solution.

IV. APPLICATION EXAMPLE

In our recent papers [14], [20] we considered a resource
allocation problem in the area of cloud computing. It concerns
the joint optimization of: capacity scaling in a set of computer
clusters, load balancing between them, and task scheduling
within each cluster. The following formulation is taken from
the preceding references.

Problem 1: minimize
s

∑N
j=1 cj(sj), subject to

N∑
j=1

λij = λi ∀ i = 1, . . . ,M ; (24a)

M∑
i=1

rij
µij

= sj ∀ j = 1, . . . , N ; (24b)

0 ≤ λij ≤ rij ∀ i = 1, . . . ,M ; j = 1, . . . , N. (24c)

Here the index i represents job type; λi is the (given) arrival
rate of such jobs into the system. The index j represents the
computer cluster, and µij is the service rate it can provide,
per server, to tasks of type i. The decision variables are:

� The matrix Λ = (λij) of rates at which tasks of type i
are dispatched to cluster j; it is subject to the constraints
(24a), and its selection is the load balancing problem.

� The number of server instances sj which are active
in cluster j; its selection is the right sizing problem.
An increasing, convex cost cj( · ) is applied, which
may describe for instance the energy expenditure of
maintaining this active capacity. Natural models could be
a linear cost cj , or a piecewise linear cost reflecting the
existence of cheaper and more expensive server instances.

� The matrix R = (rij) of service rates that cluster
j allocates to jobs of type i. This corresponds to an
assignment of rij/µij server instances; equation (24b)
totals instances per cluster. The selection of R subject to
this constraint is the scheduling problem.

Since the scale of this resource allocation problem is often
large, rather than a centralized solution we seek a suitable
decomposition. In [20] we used Lagrange duality to justify

the decomposition between Join-the-Shortest-Queue load bal-
ancing and MaxWeight scheduling, a proposal from [28] in a
queueing theory context; its combination with capacity right-
sizing is also studied. To avoid the fast switching (“chattering”)
of solutions based on JSQ/MW, we investigated in [14] the use
of proximal regularizations; results were stated for a smooth
and strictly convex cost function.

The theory in the present paper allows us to fully justify the
procedure in [14], as well as extend it to a more general cost
function. We begin by reformulating the problem as follows:

minimize
Λ,R

N∑
j=1

cj

(
M∑
i=1

rij
µij

)
+ χ∆(Λ) + χ

R
M×N
+

(R),

subject to λij ≤ rij ∀ i, j.

Above, we have substituted (24b) into the cost function, and
made the constraints (24a) and Λ ≥ 0 implicit through the
convex indicator function χ∆( · ) corresponding to the set

∆ :=

Λ ∈ RM×N+ :

N∑
j=1

λij = λi, ∀ i = 1, . . . ,M

 .

Similarly, we have the implicit constraint R ≥ 0 through
χ
R
M×N
+

( · ). This optimization problem fits into the class of
Problem (4): the objective is a closed, proper convex function
of x = (Λ, R), and the inequality constraints are in this case
linear. Adding the regularization variable z = (α, β) and the
multiplier ν we write the Lagrangian from (6):

L(x, z, ν) =
∑
j

cj

(∑
i

rij
µij

)
+ χ∆(Λ) + χ

R
M×N
+

(R)

+
∑
i,j

νij(λij − rij) +
1

2

∑
i,j

[
(λij − αij)2 + (rij − βij)2

]
.

After completing squares, we arrive at the following expres-
sion for the reduced Lagrangian:

L̄(α, β, ν) =
∑
i,j

[
(αij − βij)νij − ν2

ij

]
+ min

Λ∈∆

1

2

∑
i,j

(αij − νij − λij)2


+ min
R≥0

∑
j

cj

(∑
i

rij
µij

)
+

1

2

∑
i,j

(βij + νij − rij)2

 .

The minimization in Λ amounts to a projection on the set ∆:

Λ̄(α, ν) = π∆(α− ν) = argmin
Λ∈∆

‖Λ− (α− ν)‖. (25)

Note that constraints decouple over the rows of Λ: for each
job type i we have a projection on a simplex, which can be
computed through finitely many operations (see [14]).

In turn, the minimization in R decouples over j. At each
cluster we solve for the column R̄j(β, ν) ≥ 0 that minimizes

cj

(∑
i

rij
µij

)
+

1

2

∑
i

(βij + νij − rij)2
. (26)
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Fig. 1. Evolution of the scheduling R = (rij) over time for the system
considered in Section IV-A; rij(t) converges to an equilibrium for each i, j.

If, for instance, the cost is piecewise linear, the above is a
quadratic program.

The regularization terms yield a locally Lipschitz mapping
x̄(z, ν) = (Λ̄(α, ν), R̄(β, ν)), as follows from Proposition 1.
The saddle point gradient dynamics of (12) become:

α̇ij = λ̄ij(α, ν)− αij , (27)

β̇ij = r̄ij(β, ν)− βij , (28)

ν̇ij =
[
λ̄ij(α, ν)− r̄ij(β, ν)

]+
νij
. (29)

We remark that (29) constitutes a fluid model of a queue: νij
is the queue of type i jobs at cluster j. With this identification:

� (26) and (28) provide the control of scheduling, decen-
tralized over cluster j, as a function of local queues.

� (25) and (27) provide a recipe for load balancing, decou-
pled over job type i. Its implementation requires feeding
back the queue information to the load balancer.

These are the same information requirements used by the Max
Weight scheduler and Join-the-Shortest-Queue load balancer,
studied in [20], [28]. However, in contrast to that case in which
Λ and R switch arbiratrily fast around an equilibrium with tied
queues, here we obtain a smooth evolution in time, guided by
the regularization variables α and β.

A. Numerical example

Let us consider a system with M = N = 3,

λ =

100
50
50

 and µ =

2 1 1
3 1 3
1 1 1

 .
Suppose that the costs cj are piecewise linear: specifically,
cj(s) = s for s ≤ 50 and cj(s) = 2(s−50)+50 for s > 50, for
all j = 1, . . . ,M . Following the procedure explained above
we compute Λ(t), R(t), α(t), β(t) and ν(t) numerically. We
used Matlab’s ode45 function to discretize the dynamics.

Due to space limitations we only show R(t) in Fig. 1. We
see that rij(t) converges to an equilibrium for each i and j,
where the cluster sizes are s∗1 ∼= 57, s∗2 ∼= 30 and s∗3 ∼= 30.

V. CONCLUSION

This paper proposes a solution method for a general convex
optimization problem: the objective is closed, proper, convex

(not necessarily smooth), taking values in R and possibly
enconding implicit constraints. The explicit constraints are
convex and real-valued; both equality and inequality con-
straints are allowed. We show that a regularized Lagrangian
obtained after a proximal minimization step, is smooth and
leads to a globally convergent saddle point dynamics; its
equilibrium points are optima of the original problem.

We have used the standard discontinuous projections to
enforce sign restrictions on multipliers; an open question for
future work is whether smoother alternatives as those in [22]
could extend to general convex constraints. Another question
would be to identify minimal conditions under which the
regularized Lagrangian yields exponential stability.

APPENDIX
PROOF OF PROPOSITION 1

Proof: Fix (z0, ν0) ∈ Rn ×Rm and let x̄0 := x̄(z0, ν0);
recall it is the unique minimizer of

L(x, z0, ν0) = f(x) +
1

2
||x− z0||2 + νᵀ0 g(x)

over x ∈ Rn. Since this function is strongly convex in x, then,
for all x ∈ Rn, we have

L(x, z0, ν0) ≥ L (x̄0, z0, ν0)︸ ︷︷ ︸
L̄(z0,ν0)

+
1

2
||x− x̄0||2 . (30)

Claim I: x̄(z, ν) is continuous at (z0, ν0). Namely, given some
ε > 0, we will find δ > 0 such that:

||z1 − z0|| < δ, ||ν1 − ν0|| < δ =⇒ ||x̄(z1, ν1)− x̄0|| < ε.

To prove this, let γ be an upper bound of the continuous
function ||g(x)|| in the ball B(x̄0, ε), and write

L (x̄0, z0, ν1) = L (x̄0, z0, ν0) + (ν1 − ν0)ᵀg (x̄0)

≤ L̄(z0, ν0) + γ ||ν1 − ν0|| . (31)

Also, for all x such that ||x− x̄0|| < ε we have:

L(x, z0, ν1) = L(x, z0, ν0) + (ν1 − ν0)ᵀg(x)

≥ L̄(z0, ν0) +
1

2
||x− x̄0||2 − γ ||ν1 − ν0||

≥ L (x̄0, z0, ν1) +
1

2
||x− x̄0||2 − 2γ ||ν1 − ν0|| .

The last step uses (31). Now choose δ ∈ (0, ε/2) such that
2γδ < ε2/8. Let ν1 satisfy ||ν1 − ν0|| < δ. We conclude that

L(x, z0, ν1) > L(x̄0, z0, ν1)

for any x satisfying ||x− x̄0|| = ε/2, and the same inequality
must hold for ||x− x̄0|| ≥ ε/2. Indeed, since the sublevel set
{x : L(x, z0, ν1) ≤ L(x̄0, z0, ν1)} is convex and contains x̄0,
it cannot contain points outside B(x̄0, ε/2) without intersect-
ing the boundary of this ball. We conclude that the minimizer
x̄(z0, ν1) of x 7→ L(x, z0, ν1) lies inside B(x̄0, ε/2).

The proof of the claim now follows from the non-
expansiveness of the proximal mapping z 7→ x̄(z, ν1): for all
(z1, ν1) such that ||z1 − z0|| < δ, ||ν1 − ν0|| < δ we have

||x̄(z1, ν1)− x̄0|| ≤ ||x̄(z1, ν1)− x̄(z0, ν1)||

+ ||x̄(z0, ν1)− x̄0|| < ||z0 − z1||+
ε

2
< ε.
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Claim II: There exist ρ > 0 and K ≥ 1 such that

||z1 − z0|| < ρ, ||ν1 − ν0|| < ρ, ||ν2 − ν0|| < ρ (32)
=⇒ ||x̄(z1, ν2)− x̄(z1, ν1)|| ≤ K ||ν2 − ν1|| .

We define these constants as follows. First, since g has finite
convex components, it is locally Lipschitz [23]; let M > 0 be
the Lipschitz constant in B(x̄0, 2ε) for some ε > 0. Introduce:
δ > 0 from Claim I for this ε,

K > max{2M, 1} and ρ < min
{ ε

2K
, δ
}
.

To establish the claim we begin with the identities

L(x, z1, ν2) = L(x, z1, ν1) + (ν2 − ν1)T g(x);

L(x̄1, z1, ν2) = L̄(z1, ν1) + (ν2 − ν1)T g(x̄1),

with the notation x̄1 := x̄(z1, ν1). Note that if (z1, ν1) are
as in (32) with ρ < δ, then ||x̄1 − x̄0|| < ε from Claim I.
Subtracting the two equations and using the bound analogous
to (30) we obtain, for any x ∈ B(x̄0, 2ε), the bound:

L(x, z1,ν2)− L (x̄1, z1, ν2)

≥ 1

2
||x− x̄1||2 + (ν2 − ν1)ᵀ [g(x)− g(x̄1)]

≥ 1

2
||x− x̄1||2 + ‖ν2 − ν1‖M‖x− x̄1‖.

Any point in B(x̄1, ε) is in B(x̄0, 2ε), in particular, this is the
case for any x satisfying

||x− x̄1|| = K ||ν2 − ν1|| < 2Kρ < ε.

Applying the preceding bound to such a point yields

L(x, z1, ν2)− L (x̄1, z1, ν2)

≥
[
K2

2
−MK

]
||ν2 − ν1||2 > 0,

since K > 2M ; we are assuming ν1 6= ν2, otherwise the
claim is trivial. This implies that the minimizer of L(x, z1, ν2)
cannot lie in the boundary of B(x̄1,K‖ν1 − ν2‖); reasoning
as in Claim I it cannot lie outside the ball either, so we have
||x̄(z1, ν2)− x̄1|| ≤ K ||ν2 − ν1||, which proves Claim II.

To complete the proof of the proposition we take ρ and K
as in Claim II. For i = 1, 2 let (z1, ν1) and (z2, ν2) be such
that ||zi − z0|| < ρ and ||νi − ν0|| < ρ. We have:

||x̄(z2, ν2)− x̄(z1, ν1)|| ≤ ||x̄(z2, ν2)− x̄(z1, ν2)||
+ ||x̄(z1, ν2)− x̄(z1, ν1)||
≤ ||z2 − z1||+K ||ν2 − ν1||
≤K
√

2 ||(z2, ν2)− (z1, ν1)|| ,

which invokes the non-expansiveness of the proximal map-
ping, the Euclidean norm and the fact that K ≥ 1.
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